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Plan

The use of symmetry

» Beautiful objects have symmetries.
» Symmetries help to reduce the search space for nice objects
» and hence make huge problems acessible to computations.

The use of challenge problems

Applications for classical theories and theorems such as
Burnside orbit counting

Invariant theory of finite groups

Theory of quadratic forms

Representation theory of finite groups

Provide a practical introduction to abstract theory.
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Self-dual codes

Definition

» A linear binary code C of length n is a subspace C' < F7.

» The dual code of C'is

Ct={zeF}|(z,c):=> 1 xic;=0forallceC}
» Cis called self-dual if C = C*.
> Aut(C) ={o €S, |o(C)=C}.

Facts

» dim(C) + dim(C*) =nso C = C+ = dim(C) = 2.
» Let1=(1,...,1). Then (¢,c) = (e, 1).
» Soif C=C+thenleC.



Doubly-even self-dual codes

The Hamming weight.

» The Hamming weight of a codeword ¢ € C'is
wi(c) = |{i | e # 0}].
wt(c) =2 (¢, ¢), s0 C C C* implies wt(C) C 2Z.
C'is called doubly-even if wt(C) C 4Z.
Fact: C = C*+ < [F} doubly-even = n € 8Z.
The minimum distance d(C) := min{wt(c) | 0 # c € C'}.
A self-dual code C' < I3 is called extremal if d(C') = 4 + 4[ 35 ].

The weight enumerator of C'is
pc = Zcec gn ey wie) ¢ Clz, y]n.
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Examples for self-dual doubly-even codes

Hamming Code

10000111
b 01001011
810 01 0110 1

00011110

the extended Hamming code, the unique doubly-even self-dual code
of length 8,
Phs (2, y) = 2° + 14a'y® + 4°

and Aut(hs) =2 L3(2)

Golay Code

The binary Golay code G4 is the unique doubly-even self-dual code
of length 24 with minimum distance > 8. Aut(G24) = Moy

PGy = 1‘24 + 759$16y8 + 257630123/12 + 759$8y16 + y24



Application of invariant theory
The weight enumerator of C'is pc := 3 .o a" "V y¥t©) € Clz, y],.

Theorem (Gleason, ICM 1970)

Let C = C*+ < F% be doubly even. Then d(C) < 4 + 4[|
Doubly-even self-dual codes achieving equality are called extremal.



Application of invariant theory
The weight enumerator of C is pc == Y 2™ VY™ € Clz, yl,.

Theorem (Gleason, ICM 1970)

Let C = C*+ < F% be doubly even. Then d(C) < 4 + 4[|
Doubly-even self-dual codes achieving equality are called extremal.
Proof:

> po(,y) = po(x,iy), po(z,y) = po (z,y) = pe(®

>G192:=<<(1) ?)ﬁ(i —1 )>'

> pc € Inv(Gio2) = Clpng, D5
» 3If € Clpng, Pgs,]sm SUCh that

F(Ly) =140y ... 4+ 0y*L5) 4 ay 151 b, g L5148
> a,, > 0forallm

y, oy)

a\+



Application of invariant theory
The weight enumerator of C is pc == Y 2™ VY™ € Clz, yl,.

Theorem (Gleason, ICM 1970)

Let C = C*+ < F% be doubly even. Then d(C) < 4 + 4[|
Doubly-even self-dual codes achieving equality are called extremal.
Proof:

> po(,y) = po(x,iy), po(z,y) = po (z,y) = pe(®

>G192:=<<(1) ?)ﬁ(i —1 )>'

> pc € InV(G192) = C[phgapgm]
» 3If € Clpng, Pgs,]sm SUCh that

Fy) =140yt + ...+ 0y 5] a8+ L p A48
> a,, > 0forallm

y, oy)

a\+

Proposition

b < 0 for all m > 494 so there is no extremal code of length > 3952.



Automorphism groups of extremal codes

length 8 | 24 |32 40 48 |72 80 |96 | 104 | > 3952

oo

d(C) 113 8 12 [16| 16 |20 20

extremal | hg | Go4 | 5 [ 16,470 | QRsg | 7 | >15] 7 | >1 0

Aut(C) ={o € S, | o(C) = C} is the automorphism group of C' < F7.

Aut(hg) = 23.L3(2)

Aut(Go4) = Mo

Length 32: Ly (31), 25.L5(2), 28.5s, 28.15(7).2, 2°.S6.
Length 40: 10,400 extremal codes with Aut = 1.
Aut(QRys) = Lo (47).

Sloane (1973): Is there a (72, 36, 16) self-dual code?

If C'is such a (72, 36, 16) code then Aut(C) has order < 5.

vV vV.v v v v .Y



Automorphism groups of extremal codes

length 8 | 24 |32 40 48 |72 80 |96 | 104 | > 3952

oo

d(C) 113 8 12 [16| 16 |20 20

extremal | hg | Go4 | 5 [ 16,470 | QRsg | 7 | >15] 7 | >1 0

Aut(C) ={o € S, | o(C) = C} is the automorphism group of C' < F%.

Aut(hg) = 23.L3(2)

Aut(Go4) = Mo

Length 32: Ly (31), 25.L5(2), 28.5s, 28.15(7).2, 2°.S6.
Length 40: 10,400 extremal codes with Aut = 1.
Aut(QRas) = Lo(47).

Sloane (1973): Is there a (72, 36, 16) self-dual code?

If C'is such a (72, 36, 16) code then Aut(C) has order < 5.
There is no beautiful (72,36, 16) self-dual code.

vV V.V VvV vV v VY



The Type of an automorphism

Definition
Let o € S, of prime order p. Then ¢ is of Type (z, f), if o has z
p-cycles and f fixed points. zp + f = n.

» Letpbeodd, o =(1,2,..,p)(p+1,.,2p)...((z — 1)p+ 1, .., 2p).
» F} = Fix(o) L E(o) 2 F: L FZP with

1...1 0...0 0...0 0 0 0
0...0 1...1 0...0 0 0 0
0...0 0...0 1...1 0 0 0

Fix(c) =( 0...0 0...0 0...0 1 0 0)
0...0 0...0 0...0 0 1 0
0...0 0...0 0...0 0 0 1
—— =~ ——
P p P

E(0) = Fix(o)t =
{1, Ty Zpy1, o Topy oo T 1)pt1s - -5 T2p, 0,0, 0)
Ti4 . ATy =Ty b Ty = = X yppr T T Ty = 0}



Two self-dual codes of smaller length

» Let C' < F% and p an odd prime,
>» o =(1,2,..,p)(p+1,..,2p)...((z — )p+1,.., 2p) € Aut(C).
» Then C = CNFix(c) ® CNE(0) =: Fixc(o) ® Ec(0o).

Fixc (o) ={(cp...CcpCap...Cop...Cop...CopCopi1...Cp) € C}=
——— ——— R,_/
P P
7(Fixc(0)) = {(cpcap .- CopCapt1---Cn) € ]F2+f | c € Fixe(o)}

» and C*+ = ¢+ NFix(o) ® C+ N E(0).
» C = C* then Fixc (o) is self-dual in Fix(c) and Ec (o) is
(Hermitian) self-dual in E(0).

Fact
m(Fixc(0)) is a self-dual code of length z + £, in particular

+f

dim(Fixc (o)) = and | Fix¢(o)| = 2+/2,



Application of Burnside’s orbit counting theorem

Theorem (Conway, Pless, 1982)
Let C = C+ < F%, o € Aut(C) of odd prime order p and Type (z, f).

Then 2(z+/2 = 9n/2  (mod p).

Proof: Apply orbit counting:

The number of G-orbits on a finite set M is I—é‘ Ygec | Fixar(g)l-
Here G = (o), M = C, Fixc(g) = Fixe(o) forall 1 # g € G, and the
number of (o)-orbits on C'is 1 (2"/2 + (p — 1)27/)/2) € N.

Corollary

C = C+ <F%, p > n/2 an odd prime divisor of | Aut(C)|, then p = +1
(mod 8).

Herez=1,f=n—p, (2 +f)/2=(n—(p—1))/2,s0 20~ D/2is 1
mod p and hence 2 must be a square modulo p.



Application of quadratic forms

Remark

» C=Ct=1=(1,...,1) € C,since (c,c) = (c,1).
» If C is self-dual then n = 2dim(C) is even and

1cCt=Cc1t ={cecFy|wt(c)even }.

» Self-dual doubly-even codes correspond to totally isotropic
subspaces in the quadratic space

1
En 2 :=(11/(1),9),q(c+ (1)) = §Wt(6) (mod 2) € Fa.
» C = C+ < F} doubly-even = n € 8Z.

Theorem (A. Meyer, N. 2009)
Let C = C+ < F% doubly-even. Then Aut(C) < Alt,,.



Application of quadratic forms: Some background

» Assume n € 8Z.

» En2 = (11/(1),9),q(c+ (1)) = 1 wt(c) (mod 2) € Fs. is an
(n — 2)-dimensional quadratic space over Fs.

» Thereis X < E,_» with X = X+ and ¢(X) = {0}
call such X self-dual isotropic.

» C = C+ <%, doubly-even, then X = C/(1) < E,,_» is self-dual
isotropic.

> O(En_2) = {g € GL(En_2) | q(9(x)) = q(z) for all z € Ex_»} the
orthogonal group of E,, .

Definition
Fix Xy < E,,_2 self-dual isotropic. D : O(E,_2) — {1, —1},
D(g) = (—1)3m(Xo/(XoNg(Xo))) the Dickson invariant.

Fact g € Stabo g, _,)(X) = D(g) = 1.



Application of quadratic forms

Aut(C) ={o € S,, | o(C) = C} is the automorphism group of C' < F%.

Theorem (A. Meyer, N. 2009)
Let C = C+ < F} doubly-even. Then Aut(C) < Alt,,.

Proof. (sketch)
E, 2= (11/(1),¢),q(c+ (1)) = %Wt(C) (mod 2) € Fs.
C/(1) is a self-dual isotropic subspace E,, 2.

The stabilizer in the orthogonal group of E,,_» of such a space
has trivial Dickson invariant.

Sp < O(En—2), Aut(C) = Stabg, (C).
The restriction of the Dickson invariant to .S, is the sign.
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Application of Representation Theory

G finite group, F2G = {>_ ¢ a49 | ay € F2} group ring.
Then G acts on FoG = ]F'f' by permuting the basis elements.

Theorem (Sloane, Thompson, 1988)

There is a G-invariant self-dual doubly-even code C' < F,G, if and
only if |G| € 8N and the Sylow 2-subgroups of G are not cyclic.

Theorem (A. Meyer, N., 2009)

Given G < S,,. Then there is C = C+ < % doubly-even such that
G < Aut(0), if and only if

(1) n € 8N,

(2) all self-dual composition factors of the FoG-module F% occur with
even multiplicity, and

(3) G < Alt,,.



General theoretical results (Summary)

» Invariant Theory:
C = C* <Fj extremal if d(C) = 4+ 4| % |
» Orbit Counting:
C = C*, 0 € Aut(C) of odd prime order p and Type (z, f), then
2(=+0)/2 = 27/2 (mod p)
» Quadratic Forms:
C = C+ doubly even, then n € 8Z and Aut(C) < Alt,,.

» Equivariant Witt groups and Representation Theory:
Characterisation of the permutation groups admitting a self-dual
doubly-even invariant code.



C = C*+ < FP? extremal, G = Aut(C).

Theorem (Conway, Huffmann, Pless, Bouyuklieva,
O’Brien, Willems, Feulner, Borello, Yorgov, N., ..)
Let C < F7? be an extremal doubly even code,

G := Aut(C) :={o € S72 | 0(C) = C}, o € G of prime order p.
If p =2 or p = 3 then ¢ has no fixed points. (B)

If p =5 or p="7then ¢ has 2 fixed points. (CHPB)

G contains no element of prime order > 7. (BYFN)

G has no subgroup S3, D1, C3 x C5. (BFN)

If p=2then C is a free Fz(c)-module. (N)

G has no subgroup Cig, C4 x Ca, Qs.

G % Alty, G % Dg, G % Cy x Cy x Cs (BN)

G contains no element of order 6. (Borello)

and hence |G| < 5.

G contains no element of order 4. (Y)
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Existence of an extremal code of length 72 is still open.



The Type of a permutation of prime order

Theoretical results, p odd.

Definition (recall)

Let o € S,, of prime order p. Then ¢ is of Type (z, f), if o has z
p-cycles and f fixed points. zp + f = n.

Theorem (Conway, Pless) (recall)
Let C = C+ < F%, o € Aut(C) of odd prime order p and Type (z, f).

Then 2(z+/2 = 9n/2 (mod p).

Corollary. n =72 = p # 37,43,53,59, 61, 67.

Corollary. If n = 8then p # 5 and p = 3 = Type (2, 2).
24 2 2043)/2 (mod 5), 24 # 2045)/2 (mod 3).



Computational results, p odd.

BabyTheorem: n =8,p =3

All doubly even self-dual codes of length 8 that have an

automorphism of order 3 are equivalent to hs.

> 0 =(1,2,3)(4,5,6)(7)(8) € Aut(C)
» ¢ =1+ 0+ 02 e =0+ o? idempotents in Fy (o)
’C:C€0J_C€1SFgeoJ_]FgelgF%J_]Fi
» Cey = Fixc (o) isomorphic to a self-dual code in F3, so
C"11100010'
“looo 1110 1]
» Ce; = Ec(o) < F? Hermitian self-dual, Ce; =2 [1,1], so
001 101 1 0 0]
Caili 911010
and hence
(1 1 1.0 0 0 1 0
C 00 0 1 1 1 01
01 1 01 1 00
1 01101 00

o o




Computational results, p odd.
Theorem. (Borello, Feulner, N. 2012, 2013)

Let C = C+ < F12, extremal, so d(C) = 16.
Then Aut(C) has no subgroup C7, C5 x C3, D1g, Ss.

Proof. for S3 = (0,7 | 03,72, (07)?)

o =(1,2,3)(4,5,6) - (67,68,69)(70,71,72)

T =(1,4)(2,6)(3,5) - - - (67,70)(68,72)(69, 71)

C = Fixc (o) @ Ec(o) with Fixe (o) =2 (1,1,1) ® Go4 and
Ec(o) < F2* Hermitian self-dual, minimum distance > 8.
Tactson Eq(o) by (e1,€2,...,¢€23,€04)" = (€3,€1,...,€21, €23)
Fixg. (0)(7) = {e:= (&2,€2...,€1,€21) € Ec(0)}

= 1(Fixpa (o) (7)) = {(€2.. . -, €24) | € € Fixpg, () (1)} < Fy?

is trace Hermitian self-dual additive code, minimum distance > 4.
There are 195,520 such codes.

(Fixpg (o) (T))rs = Ec(0).

No E¢ (o) has minimum distance > 8.
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C = C*+ < F?2, doubly-even.

Theoretical results, p even.

Theorem. (A. Meyer, N.) (recall)
Let C = C+ < F? doubly-even. Then Aut(C) < Alt,,.

Corollary. Aut(C') has no element of order 8.
o € Aut(C) of order 8. Then

o=(1,2,...,8)(9,...,16)...(65,...,72)
since o* has no fixed points. So sign(c) = —1, a contradiction.

(This corollary was known before and is already implied by the
Sloane-Thompson Theorem.)



C = O+ < F?2, doubly even, extremal, so d(C) = 16

Theoretical results, p even.

Theorem. (N. 2012)
Let 7 € Aut(C) of order 2. Then C'is a free Fy(7)-module.

Let R = Fy(7) the free Fo(7)-module, S = F, the simple one.
Then C = R* @ S° with 2a + b = 36.
F:=Fixc(r)={ceC|er=c} 2 S C(1-71) xS

T =(1,2)(3,4)...(71,72).

F = 7(F),n(c) = (co,ca,C6,--.,Cr0) € F30.

Fact: 7(F) =n(C(1 - 7))t 2 D =D+ 2> 7n(C(1—-1)).

d(F) > d(C)=16,s0d(D) > d(n(F)) > 8.

There are 41 such extremal self-dual codes D (Gaborit etal).
No code D has a proper overcode with minimum distance > 8.
This can also be seen a priori considering weight enumerators.
So n(F) =D andhence a+b=18,s0a =18,b=0.
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Theorem: C'is a free Fy(7)-module.
Corollary. Aut(C) has no element of order 8.

g € Aut(C) of order 8. Then C is a free F5(g*)-module, hence also a
free Fo(g)-module of rank dim(C)/8 = 36/8 = 9/2 a contradiction.

Corollary. Aut(C') has no subgroup Qs.

Use a theorem by J. Carlson: If M is an FoQg-module such that the
restriction of M to the center of Qs is free, then M is free.

Corollary. Aut(C') has no subgroup U = C5y x Cy, Cg or
Cho-

» LetT € U of order 2, F = Fixo(7) 2 n(F) = D = D+ < F3S.
» Then D is one of the 41 extremal codes classified by Gaborit etal.
» U/(r) = Cyor C5 acts on D.

» None of the 41 extremal codes D has a fixed point free
automorphism of order 4 or an automorphism of order 5 with
exactly one fixed point.



Alty = (a,b,0) > (a,b) = Vj, (Borello, N. 2013)

Computational results: No Alty < Aut(C).

DJ.
1
L D D =
= Ve, + Ve,
Fix{a F‘ii((’(b)

41 poss.

3 possibilities for D
dim(D+/D) = 20, 20, 22.

C/D < D*+/D

maximal isotropic subspace.
V, acts trivially on D+/D =: V.
V=Vey®Vey

is an Fo(o)-module.

Unique possibility for Cey.

Ce; < Vep Hermitian

maximal singular F,-subspace.
Compute

all these subspaces as orbit
under the unitary group of Ve;.
No extremal code is found.



7 € Aut(C) order 2

Situation
C = C+ <F¥m extremal, i.e. d(C) = 4m+4, 7 € Aut(C) of order 2.

» Bouyuklieva: 7 ~ (1,2) - -- (24m — 1,24m) (Type (12m,0)) unless
m = 5 where Type (48, 24) might be possible.

» Assume 7 ~ (1,2)---(24m — 1,24m).

» D' := n(Fixc (7)) < F32™ is the dual of some self-orthogonal
code
(D/)L g D/

and d(D') > 2m + 2.
» C'is a free Fo(7)-module, if and only if D’ is self-dual.

Theorem (Borello, N. 2015)
If D' # (D')*, then d(D') < 4[] + 2.



Theoretical results, p = 2.

Theorem (Borello, N. 2015)

Let m > 3 be odd and C = C* an extremal doubly-even binary code
of length 24m.

» If 7 € Aut(C) is of order 2 and fixed point free then C'is a free
Fo(7)-module.

» If 8 divides | Aut(C')|, then the Sylow 2-subgroups of Aut(C') are
isomorphic to Cs x Cy x O, Co x Cy, or Ds.



Conclusion

Search for extremal codes with automorphisms provides a nice
application for
» Classical theories in particular
» Quadratic Forms:
C = C+ doubly even, then n € 8Z and Aut(C) < Alt,,.
» which provides a characterisation of the permutation groups
admitting a self-dual doubly-even invariant code.
» Modular Representation Theory and Invariant Theory
n = 24m, d(C) = 4m + 4, 7 € Aut(C) of Type (12m,0).
If m is odd then C'is a free Fo(7)-module.
They are also the motivation for explicit computations with a practical
and detailed use of the structure of the automorphism group.



