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Introduction

® Rank-distance codes are matrix codes C' C Fy**", equipped
with the rank distance

dr(A, B) = rank(A — B).

They are useful in network coding, distributed storage ect.
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Introduction

® Rank-distance codes are matrix codes C' C Fy**", equipped
with the rank distance

dr(A, B) = rank(A — B).

They are useful in network coding, distributed storage ect.

o Singleton bound for linear rank-distance codes C' C FZ]"X"
of dimension k:

dmin (C) < min(m,n) — max(m,n)k + 1.

o Codes that attain this bound exist for any set of parameters
and are called maximum rank distance (MRD) codes.
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o Until recently the only known MRD codes were Gabidulin
codes (Delsarte ‘73, Gabidulin ‘85).
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o The previous talk by Wolfgang Willems et al.
o The previous talk by Kamil Otal, Ferruh Ozbudak.
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o Until recently the only known MRD codes were Gabidulin

codes (Delsarte ‘73, Gabidulin ‘85).
o This year we know about other MRD codes:
o John Sheekey presented a construction related to semi-fields

at BIRS workshop in January (and today).
o The previous talk by Wolfgang Willems et al.
o The previous talk by Kamil Otal, Ferruh Ozbudak.

o Qur contribution: We will give some general
characterizations of linear MRD and Gabidulin codes. The

results give rise to equations one can solve to find all MRD

or Gabidulin codes (up to equivalence).
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MRD codes

o Since Fj"*" = Fi, any rank-metric code over the base field
can also be considered as a block code over the extension
field.

o We will assume n < m and study MRD codes C C F;‘m
that are Fym-linear. These codes have a generator matrix
Ge IF];"XL” and a respective parity check matrix

(n—k)xn
H e Fym .
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Let F3 = Fa[a] and

G=(1,a).
Then the code generated by G is

C= {(07 O)a (17 O‘)a (Oé, Oé2), (042, 1)}

L8000 ).

It has dimension 1 (over Fy2) and minimum rank distance 2
(over Fa). A respective parity check matrix is

H = (a,1).




Characteriz s of MRD and Gabidulin codes
MRD codes

Known characterization of the MRD property

Theorem (Gabidulin)

Let H € Fgﬁ_k)xn be a parity check matriz of the code C'. Then

C is MRD if and only if

rank(VHT) =n —k

for all Ve B with rank(V) = n — k.
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Known characterization of the MRD property

Theorem (Gabidulin)

Let H € Fgﬁq_k)xn be a parity check matriz of the code C'. Then

C is MRD if and only if

rank(VHT) =n —k

for all Ve B with rank(V) = n — k.

Simplification: Since GL,_(q) does not change the rank of
VHT, it suffices to check the rank property for all elements of
the left orbit of HZunder G,(n — k,n) (i.e. only V in reduced
row echelon form).
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Towards a new characterization of the MRD property

It is known that GL,(q) acts (on the right) as an isometry on
rank-metric codes in Fym. =

The orbit under GLn(q) of an MRD code in Fym consists of just
MRD codes.
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Towards a new characterization of the MRD property

It is known that GL,(q) acts (on the right) as an isometry on
rank-metric codes in Fym. =

Lemma

The orbit under GLn(q) of an MRD code in Fym consists of just
MRD codes.

Lemma

The generator matriz G of an MRD code C C Fiim of dimension
k in reduced row echelon form is of the form

| \

G=(1I,]A),

where A € (Fym\IF,)F> (k)

A

6/15
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MRD codes

A generator matriz G € F%" gives rise to an MRD code if and
only if any element of the orbit of G under GL,(q) has only
non-zero maximal mMinors.
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A generator matriz G € F%" gives rise to an MRD code if and
only if any element of the orbit of G under GL,(q) has only
non-zero maximal mMinors.

Simplification: Instead of all of GL,,(q) it suffices to study the
orbit of the subgroup of

e the upper triangular matrices (since swapping columns
does not change the minors, up to sign)

e with an all-1 diagonal (since multiplying columns of the
generator matrix with Fy-scalars does not change the
non-zero property of the minors).



Characterizations of MRD and Gabidulin codes

Gabidulin codes

@ Gabidulin codes



erizations of MRD and Gabidulin codes

idulin codes

Definition

Let g1,...,9n € Fgm be linearly independent over F,. The code
with generator matrix

g1 g2 In

ag=| 9 9 .. o
k—1 1;71 k—1

9 95 g8

is called a Gabidulin code of length n and dimension k.




erizations of MRD and Gabidulin codes

idulin co

Let g1,...,9n € Fgm be linearly independent over F,. The code
with generator matrix

g1 g2 .. In

a=| 9 9 98
1;71 Iifl k—1

9 95 g8

is called a Gabidulin code of length n and dimension k.

Gabidulin codes are MRD codes.
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, gn € Fgm be linearly independent over I, and s € N

Let gi,- ..
with ged(s,m) = 1. The code with generator matrix

g1 g2 9n
q q° q°
912 922 9712
q=° q-° q=°
G = 91 92 gn
(k—1)s (k—1)s (k—1)s
q q q
gl 92 n

is a generalized Gabidulin code of length n and dimension k.
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Gabidulin codes

Let g1,...,9n € Fgm be linearly independent over F, and s € N
with ged(s,m) = 1. The code with generator matrix

g1 g2 e In
q° q° q°
912 922 “e an
q-° q-° q=°
G — g]_ 92 500 adn
(k—1)s (k—1)s (k—1)s
q q q
91 92 <o+ On

is a generalized Gabidulin code of length n and dimension k.

<

Generalized Gabidulin codes are MRD codes. \
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bidulin codes

New Gabidulin criterion

Theorem
An MRD code is a Gabidulin code if and only if

dim(CNC9) =k —1.
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Gabidulin codes

New Gabidulin criterion

Theorem

An MRD code is a Gabidulin code if and only if

dim(CNC9) =k —1.

Theorem (generalized)

An MRD code is a generalized Gabidulin code with parameter s
if and only if
dim(CNC?T) =k — 1.

10 /15
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@ Non-Gabidulin MRD codes
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The dual of an MRD code is an MRD code. Moreover, the dual
of a Gabidulin code is a Gabidulin code.
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Easy to see:

Theorem

All MRD codes of dimension k =1 are Gabidulin codes.
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The dual of an MRD code is an MRD code. Moreover, the dual
of a Gabidulin code is a Gabidulin code.

Easy to see:

Theorem

All MRD codes of dimension k =1 are Gabidulin codes.

All MRD codes of dimension k =n — 1 are Gabidulin codes. I
All MRD codes of length n = 1,2,3 are Gabidulin codes. I

11/15




ns of MRD a

Non-Gabidulin MRD codes

First non-trivial case n=m =4,k =2

We want to find a description of all MRD codes with generator
matrix in RREF

1 0 a b
G—(O 1 e d)’ a,b,c,d € Fu\Fy.
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Non-Gabidulin MRD codes

First non-trivial case n=m =4,k =2

We want to find a description of all MRD codes with generator
matrix in RREF

1 0 a b
G—(O 1 e d)’ a,b,c,d € Fu\Fy.

We require that the orbit of upper-triangular matrices gives
matrices with only non-zero maximal minors:

1 Uy U2 ug

o 0 1 ws us _(1 U us +a U3—|—au6+b>
0 0 1 wg 0 1 wug+c us+cug+d
0 0 0 1

for any uy,...,us € Fy.
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Now we want to find a description of all non-Gabidulin MRD
codes. For this we need that dim(C' N C?) # k — 1 (and
a,b,c,d € Fpu\Fy):

1 0 a b
01 ¢ d
rank 1 0 a7 b # 3
0 1 7 g4
1 0 a b
01 c d
<= rank 00 al—a b1—b =4
0 0 c?—¢c di—-d

e (a? —a)(d? —d) — (b9 — b)(c? — c) #£ 0.
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Now we want to find a description of all non-Gabidulin MRD
codes. For this we need that dim(C' N C?) # k — 1 (and
a,b,c,d € Fpu\Fy):

1 0 a b
01 ¢ d
rank 1 0 a7 b # 3
0 1 7 g4
1 0 a b
01 c d
<= rank 00 al—a b1—b =4

00 ¢"—c di—d
e (a? —a)(d? —d) — (b9 — b)(c? — c) #£ 0.

For non-generalized Gabidulin codes with s = 3 we get

3

(@ —a)(d” — d) — (b7° — b)(c?" —¢) #£0.

13 /15
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We can now solve this system of equations to get non-Gabidulin
MRD codes.

For ¢ = 2 we could not find a solution.

All 24-linear MRD codes in F‘zﬂ are Gabidulin codes.
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sabidulin MRD codes

We can now solve this system of equations to get non-Gabidulin
MRD codes.

For ¢ = 2 we could not find a solution.

All 24-linear MRD codes in F‘zﬂ are Gabidulin codes.

For ¢ = 3 we found many solutions, e.g. (with a* = a® + 1)

1 0 a o
G_(O 1 ao? 204)'

There are many non-Gabidulin 3*-linear MRD codes in IF§4.

14 /15
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Summary and Conclusion

o We give new characterizations of MRD and Gabidulin
codes.
o With these criteria we show that all ¢"-liner MRD codes in
Fym are (generalized) Gabidulin codes if
o ne{l,23}
o ke{l,n—1}
e qg=2,n=m=4,k=2.
@ Moreover, we give an example of a non-Gabidulin ¢"-linear
MRD code forg =3, n=m=4,k=2.

o This method can also be used for slightly larger parameters.
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Thank you for your attention!

Questions? Comments?



	Introduction
	MRD codes
	Gabidulin codes
	Non-Gabidulin MRD codes
	Summary and Conclusion

