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Definition

A (v , k , λ) difference set in a finite group G of order v is a set D,
of cardinality k , such that the collection
{d1d−12 | d1 6= d2, di ∈ D} consists of λ copies of every element of
G \ {1G}.

Theorem

If D is a (v , k , λ) difference set in G then
DD(−1) = (k − λ)1G + λG holds in group ring Z[G ].

If a 2-group possesses a difference set, then its parameter set is
(22d+2, 22d+1 − 2d , 22d − 2d). We shall call such a set Hadamard
difference set and the group in which it is contained Hadamard
group.
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Example ( abelian)

Let G = Z2 × Z2 × Z2 × Z2 be the elementary abelian group of
order 16. Its subset

D = {(0, 0, 0, 0), (1, 0, 0, 0), (0, 1, 0, 0),

(0, 0, 1, 0), (0, 0, 0, 1), (1, 1, 1, 1)}
is a (16, 6, 2) difference set, which can be verified easily.

Example (nonabelian)

Let M16 = 〈x , y | x8 = y2 = 1, yxy = x5〉 be the modular group
of order 16. Then

D = 1 + x + x2 + x5 + x4y + x2y

is a (16, 6, 2) difference set in nonabelian group

DD(−1) = (1+x+x2+x5+x4y+x2y)(1+x7+x6+x3+yx4+yx6) =

= 4 · 1M16 + 2M16
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Theorem: An abelian group of order 22d+2 contains a Hadamard
difference set if and only if the exponent of G is at the most 2d+2.

Theorem: Let D be a subset of size k of a group G of order v .
Let S be a complete set of distinct, inequivalent, nontrivial,
irreducible representations for G . Then, φ(D)φ(D(−1)) = (k − λ)I
for all φ ∈ S , if and only if D is a (v , k, λ) difference set in G .

Theorem (Turyn): Let G be a 2-group of order 22d+2, and H a
normal subgroup such that G/H is cyclic. If |H| < 2d then G is
not a Hadamard group.

Theorem (Ma) Let G be a 2-group of order 22d+2, and H a
normal subgroup such that G/H is dihedral. If |H| < 2d then G is
not a Hadamard group.
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Example Have a look at the modular group or order 64,
M64 = 〈x , y | x32 = y2 = 1, yxy = x17〉 and a (64, 28, 12)
difference set D found in it, found by K. Smith:

D = 1 + x + x2 + x3 + x4 + x6 + x9 + x10 +

x11 + x13 + x16 + x17 + x20 + x21 + x25 + x30 +

y + x6y + x12y + x13y + x16y + x18y +

x19y + x21y + x26y + x27y + x28y + x30y .

The modular group defined in terms of generators and relations as:

M22d+2 = 〈x , y | x22d+1
= y2 = 1, xy = x2

2d+1〉

has representations of dimensions 1 and 2.
The reason is: if a group G has an abelian subgroup A, and
ρ : G → GL(V ) is irreducible representation, then
dim(V ) ≤ [G : A].
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1−dimensional representations are
ϕks(xmy s) = ε2mk(−1)ls , ε = exp

(
2πi
22d+1

)
,

k = 0, 1, 2, . . . , 22d+1 − 1, l = 0, 1

Therefore, if D is a difference set in M22d+2 , then it is Hadamard
difference set and

ϕks(D)ϕks(D(−1)) = ϕks(D)ϕks(D) = |ϕks(D)|2 = 22d .

Have a look again at the difference set D in M64:
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D = 1 + x + x2 + x3 + x4 + x6 + x9 + x10+

+x11 + x13 + x16 + x17 + x20 + x21 + x25 + x30+

y + x6y + x12y + x13y + x16y + x18y+

x19y + x21y + x26y + x27y + x28y + x30y

Look at 15 homomorphisms ϕk0 : M64 → C which act as:

ϕk0(x) = ε2k , ϕk0(y) = 1, k = 1, . . . , 15, ε32 = 1.

One can easily compute:
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ϕ10(D) = 1 + ε2 + ε4 + ε6 + ε8 + ε12 + ε18 + ε20 +

+ ε22 + ε26 + ε32 + ε34 + ε40 + ε42 + ε50 + ε60 +

+ 1 + ε12 + ε24 + ε26 + ε32 + ε36 +

+ ε38 + ε42 + ε52 + ε54 + ε56 + ε60

= 4 + 2ε2 + 2ε4 + 2ε6 + 2ε8 + 2ε10 + 2ε12 +

+ +2ε18 + 2ε20 + 2ε22 + 2ε24 + 2ε26 + 2ε28

= 4 + 2(1 + ε16)(ε2 + ε4 + ε6 + ε8 + ε10 + ε12) = 4.
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ϕ20(D) = 1 + ε4 + ε8 + ε12 + ε16 + ε24 + ε36 + ε40 +

+ ε44 + ε52 + ε64 + ε68 + ε80 + ε84 + ε100 + ε120 +

+ 1 + ε24 + ε48 + ε52 + ε64 + ε72 +

+ ε76 + ε84 + ε104 + ε108 + ε112 + ε120

= 4 + 4ε4 + 4ε8 + 4ε12 + 4ε16 + 4ε20 + 4ε24 +

= 4ε12 + 4(1 + ε16)(1 + ε4 + ε8) = 4ε12.
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ϕ40(D) = 1 + ε8 + ε16 + ε24 + ε32 + ε48 + ε72 + ε80 +

+ ε88 + ε104 + ε128 + ε136 + ε160 + ε168 + ε200 + ε240 +

+ 1 + ε48 + ε96 + ε104 + ε128 + ε144 +

+ ε152 + ε168 + ε208 + ε216 + ε224 + ε240

= 8 + 8ε8 + 8ε16 + 4ε24

= 4ε8 + (1 + ε16)(8 + 4ε8) = 4ε8.
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The same is true if we look at another set of 15 homomorphisms
ϕk1 : M64 → C which act as:

ϕk1(x) = ε2k , ϕk1(y) = −1, k = 1, . . . , 15, ε32 = 1,

for example

ϕ11(D) = 1 + ε2 + ε4 + ε6 + ε8 + ε12 + ε18 + ε20 +

+ ε22 + ε26 + ε32 + ε34 + ε40 + ε42 + ε50 + ε60 +

+ ε16 + ε28 + ε40 + ε42 + ε48 + ε52 +

+ ε54 + ε58 + ε68 + ε70 + ε72 + ε76

= 2 + 2ε2 + 2ε4 + 2ε6 + 4ε8 + 2ε10 + 2ε12 +

+ +2ε16 + 2ε18 + 2ε20 + 2ε22 + 2ε26 + 2ε28

= 4ε8 + 2(1 + ε16)(1 + ε2 + ε4 + ε6 + ε10 + ε12) = 4ε8.
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K. Tabak

Introduction Classical results Some computations Norm invariance Application to classical results

Definition Let ε be a root of unity and f (ε) =
∑w

j=1 kjε
rj ∈ Z[ε].

If there is some c, such that |f (εp)| = c , for all integers p, then we
say that f (ε) is norm invariant, of norm c .

Theorem (pairwise abbreviation) Let ε = e
2πi

2k , n ≥ 1. Suppose
that εα1 + εα2 + · · ·+ εαl = 0. Then l is even and there is a
partition of the set {α1, α2, . . . , αl} in 2-element subsets {αi , αj}
such that εαi + εαj = 0.

Lemma (about four roots) Let ηri , i = 1, 2, 3, 4 are four different
roots, and o(η) = 2n, n ≥ 1, then |ηx1 + ηx2 + ηx3 + ηx4 | 6= 2.
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Theorem (norm invariance) Let f (η) = ηr1 + · · ·+ ηrq be a norm
invariant polynomial of norm 2d where q = 2d(2d+1 − 1) and η is
a root of unity of order 22d+2. Let 2n = max{o(ηri )}. Then for
every k = 0, 1, 2, . . . , n − 1 there is an r(k) ∈ Z such that

f (η2
k
) = 2dηr(k) . We call such polynomials f (η2

k
) maximally

abbreviated.

Let G be a group of order 22d+2 and |G : G ′| > 2d+2.

Clearly G ′ � G .

Notice that assumption leads to |G ′| < 2d .

Take G/G ′ =
t∏

j=1

〈gjG ′〉 ∼=
t∏

j=1

〈εj〉

where εj = exp

(
2πi

2sj

)
, j ∈ [t].

For any χ in dual group Ĝ/G ′

13 / 16
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we can write

χ = χα1
1 χ

α2
2 . . . χαt

t for some integer αj ’s.

ϕχα1
1 χ

α2
2 ...χ

αt
t

: G → C by

ϕχα1
1 χ

α2
2 ...χ

αt
t

(gβ11 gβ22 . . . gβtt h) = εα1β1
1 εα2β2

2 · · · εαtβt
t .

Put |G/G ′| = 2s and

D =
2s−1⊔
k=0

(D ∩ akG
′) =

2s−1⊔
k=0

{akh1, akh2, . . . , akhwk
}.

Clearly, wk ≥ 0 and wk ≤ |G ′| < 2d .
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we have

ϕχ(D) =
2s−1∑
k=0

wkϕχα1
1 χ

α2
2 ...χ

αt
t

(gβ1k1 gβ2k2 . . . gβtkt h) =

2s−1∑
k=0

wkε
α1β1k
1 εα2β2k

2 · · · εαtβtk
t ,

where ak =
t∏

j=1

g
βjk
j .

Thus, because of |ϕχ(D)| = 2d we have

∣∣∣∣∣
2s−1∑
k=0

wkε
α1β1k
1 εα2β2k

2 · · · εαtβtk
t

∣∣∣∣∣ = 2d ,

15 / 16
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Now, we can take for example

α1 = α2 = · · · = αt−1 = 0, while αt 6= 0

and still we get norm invariant polynomial in one variable,

thus there must be some wk such that wk ≥ 2d . A contradiction.

Theorem: Let G be a group of order 22d+2. If |G : G ′| > 2d+2,
then G is not a Hadamard group.

If H � G such that |G | = 22d+2 and |H| < 2d and G/H is cyclic,

then G ′ ≤ H (because G/H is abelian),

and by previous result we have claim of cyclic case.

16 / 16



K. Tabak

Introduction Classical results Some computations Norm invariance Application to classical results

Now, we can take for example

α1 = α2 = · · · = αt−1 = 0, while αt 6= 0

and still we get norm invariant polynomial in one variable,

thus there must be some wk such that wk ≥ 2d . A contradiction.

Theorem: Let G be a group of order 22d+2. If |G : G ′| > 2d+2,
then G is not a Hadamard group.

If H � G such that |G | = 22d+2 and |H| < 2d and G/H is cyclic,

then G ′ ≤ H (because G/H is abelian),

and by previous result we have claim of cyclic case.

16 / 16



K. Tabak

Introduction Classical results Some computations Norm invariance Application to classical results

Now, we can take for example

α1 = α2 = · · · = αt−1 = 0, while αt 6= 0

and still we get norm invariant polynomial in one variable,

thus there must be some wk such that wk ≥ 2d . A contradiction.

Theorem: Let G be a group of order 22d+2. If |G : G ′| > 2d+2,
then G is not a Hadamard group.

If H � G such that |G | = 22d+2 and |H| < 2d and G/H is cyclic,

then G ′ ≤ H (because G/H is abelian),

and by previous result we have claim of cyclic case.

16 / 16



K. Tabak

Introduction Classical results Some computations Norm invariance Application to classical results

Now, we can take for example

α1 = α2 = · · · = αt−1 = 0, while αt 6= 0

and still we get norm invariant polynomial in one variable,

thus there must be some wk such that wk ≥ 2d . A contradiction.

Theorem: Let G be a group of order 22d+2. If |G : G ′| > 2d+2,
then G is not a Hadamard group.

If H � G such that |G | = 22d+2 and |H| < 2d and G/H is cyclic,

then G ′ ≤ H (because G/H is abelian),

and by previous result we have claim of cyclic case.

16 / 16



K. Tabak

Introduction Classical results Some computations Norm invariance Application to classical results

Now, we can take for example

α1 = α2 = · · · = αt−1 = 0, while αt 6= 0

and still we get norm invariant polynomial in one variable,

thus there must be some wk such that wk ≥ 2d . A contradiction.

Theorem: Let G be a group of order 22d+2. If |G : G ′| > 2d+2,
then G is not a Hadamard group.

If H � G such that |G | = 22d+2 and |H| < 2d and G/H is cyclic,

then G ′ ≤ H (because G/H is abelian),

and by previous result we have claim of cyclic case.

16 / 16



K. Tabak

Introduction Classical results Some computations Norm invariance Application to classical results

Now, we can take for example

α1 = α2 = · · · = αt−1 = 0, while αt 6= 0

and still we get norm invariant polynomial in one variable,

thus there must be some wk such that wk ≥ 2d . A contradiction.

Theorem: Let G be a group of order 22d+2. If |G : G ′| > 2d+2,
then G is not a Hadamard group.

If H � G such that |G | = 22d+2 and |H| < 2d and G/H is cyclic,

then G ′ ≤ H (because G/H is abelian),

and by previous result we have claim of cyclic case.

16 / 16



K. Tabak

Introduction Classical results Some computations Norm invariance Application to classical results

Now, we can take for example

α1 = α2 = · · · = αt−1 = 0, while αt 6= 0

and still we get norm invariant polynomial in one variable,

thus there must be some wk such that wk ≥ 2d . A contradiction.

Theorem: Let G be a group of order 22d+2. If |G : G ′| > 2d+2,
then G is not a Hadamard group.

If H � G such that |G | = 22d+2 and |H| < 2d and G/H is cyclic,

then G ′ ≤ H (because G/H is abelian),

and by previous result we have claim of cyclic case.

16 / 16



K. Tabak

Introduction Classical results Some computations Norm invariance Application to classical results

Now, we can take for example

α1 = α2 = · · · = αt−1 = 0, while αt 6= 0

and still we get norm invariant polynomial in one variable,

thus there must be some wk such that wk ≥ 2d . A contradiction.

Theorem: Let G be a group of order 22d+2. If |G : G ′| > 2d+2,
then G is not a Hadamard group.

If H � G such that |G | = 22d+2 and |H| < 2d and G/H is cyclic,

then G ′ ≤ H (because G/H is abelian),

and by previous result we have claim of cyclic case.

16 / 16


	Introduction
	Classical results
	Some computations
	Norm invariance
	Application to classical results

