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Preliminaries

Let V be an n–dimensional vector space over GF (q),

PG(n − 1,q)

The number of (r − 1)–dimensional projective subspaces
of PG(n − 1,q) is[

n
r

]
q
:=

(qn − 1) · . . . · (qn−r+1 − 1)
(qr − 1) · . . . · (q − 1)

qn−1 + qn−2 + · · ·+ q + 1
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Codes in Projective Spaces

Pq set of all subspaces of PG(n − 1,q),
Gq(n, k) set of all (k − 1)–dimensional subspaces of
PG(n − 1,q), 1 ≤ k ≤ n, Grassmannian,
ds(U,U ′) = dim(U +U ′)− dim(U ∩U ′) subspace distance.

(Pq,ds), (Gq(n, k),ds) are metric spaces

R. Kötter, F. R. Kschischang, Coding for Errors and Erasures in
Random Network Coding, IEEE Trans. Inf. Theory 54 (2008),
3579-3591.
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Random Network Coding

The main problem in subspace coding theory

determination of the maximum size of codes with given
minimum distance,
the classification of the corresponding optimal codes.
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Definition

An (n,M,d ; k)q constant–dimension subspace code (CDC) is a
set C of k–subspaces of V , where |C| = M and minimum
subspace distance
ds(C) = min{ds(U,U ′) | U,U ′ ∈ C,U 6= U ′} = d .

Aq(n,d ; k) the maximum size of an (n,M,d ; k)q CDC.

Finite Geometry’s language

An (n,M,2δ; k)q constant–dimension subspace code,
1 < δ ≤ k , is a collection C of (k − 1)–dimensional projective
subspaces of PG(n− 1,q) such that every (k − δ)–dimensional
projective subspace of PG(n − 1,q) is contained in at most a
member of C and |C| = M.
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Known results

δ = k , i.e., (n,M,2k ; k)q CDC
Largest partial (k − 1)–spread in PG(n − 1,q),
A. Beutelspacher, Partial spreads in finite projective
spaces and partial designs, Math. Z. 145 (1975), 211-229.

δ = 2, i.e., (n,M,4;2)q CDC
Maximum number of planes in PG(n − 1,q) mutually
intersecting in at most one point
T. Honold, M. Kiermaier, S. Kurz, Optimal binary subspace
codes of length 6, constant dimension 3 and minimum
distance 4, Contemp. Math. 632 (2015), 157-176.
M. Braun, T. Etzion, P. Ostergard, A. Vardy, A.
Wassermann, Existence of q–Analogs of Steiner Systems,
arXiv:1304.1462.

A2(6,4;3) = 77, A2(13,4;3) = 1597245.
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MRD codes

(Mn×n(q),dr ) is a metric space

Mn×n(q) n × n matrices over the finite field GF (q),
dr (A,B) = rk(A− B), rank distance

qn(n−d+1)

A code C ⊂ Mm×n(q), |C| = qn(n−d+1) is said to be a q–ary
(n,n, k) maximum rank distance code (MRD), where
k = n − d + 1.

A non–empty subset ofMn×n(q) such that all elements
have rank r and minimum rank distance d is called an
(n,n,d , r) constant–rank code (CRC) of constant rank r .
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MRD codes

A qn(n−1)/2 skew–symmetric matrices ofMn×n(q)

Remark
There exists an (n,n,n − 1) MRD code, sayM such that
A ⊆M.

|M| = qn2−n
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Lifting MRD codes

A ∈Mn×n(q), L(A) = 〈rows of (In|A) ∈Mn×2n(q)〉,
L(A) is an (n − 1)–dim. of PG(2n − 1,q), lifted of A.

L1 = {L(A)|A ∈M}

∀A,B ∈M, dim(L(A) + L(B)) = rk
(

In A
In B

)
=

rk
(

In A
0n A− B

)
= n + rk(A− B) ≥ n + 2.

dim(L(A) ∩ L(B)) ≤ n − 2
L1: (n − 1)–dim. of PG(2n − 1,q) mutually intersecting in
at most an (n − 3)–dim. of PG(2n − 1,q)

L1 is a (2n,qn2−n,4;n)q CDC, lifted MRD code
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dim(L(A) ∩ L(B)) ≤ n − 2
L1: (n − 1)–dim. of PG(2n − 1,q) mutually intersecting in
at most an (n − 3)–dim. of PG(2n − 1,q)

L1 is a (2n,qn2−n,4;n)q CDC, lifted MRD code
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Lifting MRD codes

Ui point with 1 in the i–th position, 0 elsewhere,
members of L1 are disjoint from the (n − 1)-dim.
S = 〈Un+1, . . . ,U2n〉

M contains an (n,n,2, r) CRC, say Cr of size[
n
r

]
q

r∑
j=2

(−1)(r−j)
[
r
j

]
q
q(

r−j
2 )(qn(j−1) − 1).

A ∈ Cr , L′(A) = 〈rows of (A|In) ∈Mn×2n(q)〉,
L′(A) is an (n − 1)–dim. of PG(2n − 1,q), lifted prime of A.

Lr = {L′(A)|A ∈ Cr},2 ≤ r ≤ (n − 2).
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Lifting MRD codes

If A ∈ Cr1 , B ∈ Cr2 , dim(L′(A) + L′(B)) ≥ n + 2.
dim(L′(A) ∩ L′(B)) ≤ n − 2⋃n−2

i=2 Lr : (n − 1)–dim. of PG(2n − 1,q) mutually
intersecting in at most an (n − 3)–dim. of PG(2n − 1,q)

⋃n−2
i=2 Lr is a CDC,

A ∈ Cr , 2 ≤ r ≤ n − 2,
L′(A) is disjoint from S′ = 〈U1, . . . ,Un〉,
L′(A) meets S in an (n − r − 1)–dim.

every (n − 2)–dim. in L′(A) meets S in at least a point.
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Subspace Codes in PG(2n − 1,q)

Proposition

The set
⋃n−2

i=1 Li is a (2n,M,4;n)q constant–dimension
subspace code, where

M = qn2−n +
n−2∑
r=2

[
n
r

]
q

r∑
j=2

(−1)(r−j)
[
r
j

]
q
q(

r−j
2 )(qn(j−1) − 1).

n = 4
each element in L1 is disjoint from S,
each element in L2 is disjoint from S′ and meets S in a line

|L1 ∪ L2| = q12 + (q4 − 1)(q2 + 1)(q2 + q + 1)
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The triality quadric Q+(7,q)

Q non–degenerate hyperbolic quadric of PG(7,q),

Q : X1X5 + X2X6 + X3X7 + X4X8 = 0

|Q| = (q + 1)(q2 + 1)(q3 + 1)

generators of Q are solids (3–dim. pr. spaces),

2(q + 1)(q2 + 1)(q3 + 1).

two systems of generators −→M1,M2

A ∈Mi ,A′ ∈Mj

A ∩ A′ has even dim. if and only if i 6= j , i , j ∈ {1,2} .
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Subspace Codes in PG(7,q)

S, S′ are generators of Q, S,S′ ∈M1

If A ∈ A, then L(A),L′(A) are generators of Q,
each generator of Q disjoint from S is of the form L(A),
A ∈ A.

D(X ), I(X ) −→ set of generators inM1 disjoint from or
meeting X , resp.

M1 = D(S) ∪ (D(S′) ∩ I(S)) ∪ (I(S) ∩ I(S′))

|D(S)| = q6,
|D(S′) ∩ I(S)| = q5 + q3 − q2,
|I(S) ∩ I(S′)| = (q2 + 1)(q2 + q + 1).
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Subspace Codes in PG(7,q)

D(S) ⊆ L1, D(S′) ∩ I(S) ⊆ L2

I(S) ∩ I(S′) is disjoint from L1 ∪ L2.

If g ∈ I(S) ∩ I(S′), then g meets both S,S′ in a line,

if g ∈ L1, then g is disjoint from S,
if g ∈ L2, then g is disjoint from S′.

L1 ∪ L2 ∪ (I(S) ∩ I(S′))

solids of PG(7,q) mutually intersecting in at most a line.
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Subspace Codes in PG(7,q)

r line of S, ∃!r ′ line of S′ s.t. 〈r , r ′〉 ∈ M1

if r /∈ DS, then r ′ /∈ DS′

l1, . . . , lq+1 ∈ DS incident with r ,
Dr Desarguesian line–spread of S,

Dr ∩ DS = {l1, . . . , lq+1}

X solids of type 〈r ′, t〉, t ∈ Dr \ {l1, . . . , lq+1}
|X | = (q2 − q)(q2 + 1)(q2 + q) = q6 − q2
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Subspace Codes in PG(7,q)

L1 ∪ L2 ∪
(⋃i=q+1

i=1 (Ii(S) ∩ Ii(S′))
)
∪ D ∪ X ∪ {S}

q12 + q2(q2 + 1)2(q2 + q + 1) + 1
solids of PG(7,q) mutually intersecting in at most a line.

Aq(8,4;4) ≥ q12 + q2(q2 + 1)2(q2 + q + 1) + 1

T. Etzion, N. Silberstein, Codes and Designs Related to
Lifted MRD Codes, IEEE Trans. Inform. Theory 59 (2013),
no. 2, 1004-1017.
maximum size of an (8,M,4;4)q CDC containing a lifted
MRD code.
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