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Let V be an n—dimensional vector space over GF(q), J

PG(n—1,q)

The number of (r — 1)—dimensional projective subspaces
of PG(n—1,q) is

H _ (@ =1 (g7 )
q

r (g-1)-...-(g—1)

n—2

" +q" P+ + g+ 1
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Codes in Projective Spaces

@ Pq set of all subspaces of PG(n— 1, q),

@ Gg(n, k) set of all (k — 1)—dimensional subspaces of
PG(n—1,q), 1 < k < n, Grassmannian,

@ d;(U,U") =dim(U+ U') —dim(Un U’) subspace distance.

(Pg, ds), (Gq(n, k), ds) are metric spaces |

R. Kétter, F. R. Kschischang, Coding for Errors and Erasures in
Random Network Coding, IEEE Trans. Inf. Theory 54 (2008),
3579-3591.
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Random Network Coding

The main problem in subspace coding theory

@ determination of the maximum size of codes with given
minimum distance,

@ the classification of the corresponding optimal codes.
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An (n, M, d; k)4 constant—dimension subspace code (CDC) is a
set C of k—subspaces of V, where |C| = M and minimum
subspace distance

ds(C) =min{ds(U,U") | U,U €C,U+# U} =d.
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An (n, M, d; k)4 constant—dimension subspace code (CDC) is a
set C of k—subspaces of V, where |C| = M and minimum
subspace distance

ds(C) =min{ds(U,U") | U,U €C,U+# U} =d.

Aq(n, d; k) the maximum size of an (n, M, d; k)q CDC. J

Finite Geometry’s language

An (n, M, 26; k)4 constant—dimension subspace code,

1 < § <k, is a collection C of (k — 1)—dimensional projective
subspaces of PG(n — 1, q) such that every (k — ¢)—dimensional
projective subspace of PG(n — 1, q) is contained in at most a
member of C and |C| = M.
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Known results

d=k,ie., (nM,2k; k), CDC
Largest partial (k — 1)—spread in PG(n—1,q),

A. Beutelspacher, Partial spreads in finite projective
spaces and partial designs, Math. Z. 145 (1975), 211-229.
d=2,i.e.,(nM,4,2), CDC
Maximum number of planes in PG(n — 1, q) mutually

intersecting in at most one point

T. Honold, M. Kiermaier, S. Kurz, Optimal binary subspace
codes of length 6, constant dimension 3 and minimum
distance 4, Contemp. Math. 632 (2015), 157-176.

M. Braun, T. Etzion, P. Ostergard, A. Vardy, A.
Wassermann, Existence of g—Analogs of Steiner Systems,
arXiv:1304.1462.

An(6,4:3) = 77, A5(13,4;3) = 1597245,
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MRD codes

(Mnxn(q), d;) is a metric space

Mpxn(q) n x nmatrices over the finite field GF(q),
dr(A, B) = rk(A — B), rank distance

qn(n—d+1)

A code C C Mmxn(q), |C| = g"("=9+1) is said to be a g—ary
(n, n, k) maximum rank distance code (MRD), where
k=n—d+1.
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MRD codes

(Mnxn(q), dr) is a metric space
Mpxn(q) n x nmatrices over the finite field GF(q),
dr(A, B) = rk(A — B), rank distance

qn(n—d+1)

A code C C Mmxn(q), |C| = g"("=9+1) is said to be a g—ary
(n, n, k) maximum rank distance code (MRD), where
k=n—d+1.

A non—empty subset of Mpxn(q) such that all elements
have rank r and minimum rank distance d is called an
(n, n,d, r) constant-rank code (CRC) of constant rank r.
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There exists an (n,n,n— 1) MRD code, say M such that
AC M.
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MRD codes

A g"("=1)/2 skew—symmetric matrices of M xn(q) J

There exists an (n,n,n— 1) MRD code, say M such that
AC M.

M| = g |
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A € Mpxn(q), L(A) = (rows of (I5|A) € Mpx2n(q)),
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Lifting MRD codes

A € Mpxn(q), L(A) = (rows of (I5|A) € Mpx2n(q)),
L(A) is an (n — 1)—dim. of PG(2n — 1, q), lifted of A.
£y ={L(A)Ae M}

VA, B € M, dim(L(A) + L(B)) = rk ( h A ) _

L A B
rk< 0, A_B>_n+rk(A—B)2n+2.

dim(L(A)NL(B)) <n-2
Ly: (n—1)=dim. of PG(2n — 1, q) mutually intersecting in
at most an (n — 3)—dim. of PG(2n— 1, q)

Lyis a (2n,q™~",4;n), CDC, lifted MRD code |
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members of L4 are disjoint from the (n — 1)-dim.
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Lifting MRD codes

U; point with 1 in the i—th position, 0 elsewhere,

members of L4 are disjoint from the (n — 1)-dim.
S= <Uf7+17"'7U2n>

M contains an (n,n,2,r) CRC, say C, of size

r
r

m i ;(—1 = M qq(rz")(qn(f—n —1).

A€ Cr, L'(A) = (rows of (Alln) € Mpyx2on(q)),
L'(A)is an (n— 1)—dim. of PG(2n — 1, q), lifted prime of A.
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Lifting MRD codes

U; point with 1 in the i—th position, 0 elsewhere,

members of L4 are disjoint from the (n — 1)-dim.
S= <Uf7+17"'7U2n>

M contains an (n,n,2,r) CRC, say C, of size

r
r

m i ;(—1 = M qq(rz")(qn(f—n —1).

A€ Cr, L'(A) = (rows of (Alln) € Mpyx2on(q)),
L'(A)is an (n— 1)—dim. of PG(2n — 1, q), lifted prime of A.
Lr={U(A))AeC},2<r<(n-2).
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Lifting MRD codes

f AeC,,, BeC,, dm(L'(A)+ L'(B)) > n+2.
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fAecC,, BeC, dm(L(A)+ L'(B)>n+2.
dim(L'(A) N L'(B)) < n —
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Lifting MRD codes

IfAecCy, BeCp,, dim(L'(A)+ L'(B)) > n+2.
dim(L'(A)nL'(B))<n-2

U2 £, (n—1)—dim. of PG(2n — 1, q) mutually

intersecting in at most an (n — 3)—dim. of PG(2n—1,q)
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Lifting MRD codes

IfAecCy, BeCp,, dim(L'(A)+ L'(B)) > n+2.
dim(L'(A)nL'(B))<n-2

U2 £, (n—1)—dim. of PG(2n — 1, q) mutually

intersecting in at most an (n — 3)—dim. of PG(2n—1,q)

U2 £, is a CDC, |

AclC,2<r<n-2,
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Lifting MRD codes

IfAecCy, BeCp,, dim(L'(A)+ L'(B)) > n+2.
dim(L'(A)nL'(B))<n-2

U2 £, (n—1)—dim. of PG(2n — 1, q) mutually

intersecting in at most an (n — 3)—dim. of PG(2n—1,q)

U2 £, is a CDC, |

AGC[,ZSrSn_zs
L'(A) is disjoint from S’ = (Us, . .., Up),
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Lifting MRD codes

IfAecCy, BeCp,, dim(L'(A)+ L'(B)) > n+2.
dim(L'(A)nL'(B))<n-2

U2 £, (n—1)—dim. of PG(2n — 1, q) mutually

intersecting in at most an (n — 3)—dim. of PG(2n—1,q)

U2 £, is a CDC, |

AclC,2<r<n-2,
L'(A) is disjoint from S’ = (Us, . .., Up),
L'(A) meets Sinan (n—r — 1)-dim.
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Lifting MRD codes

IfAecCy, BeCp,, dim(L'(A)+ L'(B)) > n+2.
dim(L'(A)nL'(B))<n-2

U2 £, (n—1)—dim. of PG(2n — 1, q) mutually

intersecting in at most an (n — 3)—dim. of PG(2n—1,q)

U2 £, is a CDC, |

AclC,2<r<n-2,
L'(A) is disjoint from S’ = (Us, . .., Up),
L'(A) meets Sinan (n—r — 1)-dim.
every (n — 2)—dim. in L’(A) meets S in at least a point.
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Subspace Codes in PG(2n — 1, Q)

The set | J=Z £; is a (2n, M, 4; n), constant—dimension
subspace code, where

r

Mgt s S 7] e ] -y

j=2 q
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Subspace Codes in PG(2n — 1, Q)

The set | J=Z £; is a (2n, M, 4; n), constant—dimension
subspace code, where

M—g? s S H S (1)) [(]qq(’zf)(qn(/—n _1).
r=2 2

r qiz J
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Subspace Codes in PG(2n — 1, Q)

The set | J=Z £; is a (2n, M, 4; n), constant—dimension
subspace code, where

M—g? s S H S (1)) [(]qq(’zf)(qn(/—n _1).
r=2 2

r = j

each element in L is disjoint from S,

Francesco Pavese Subspace codes in PG(2n — 1, q)



Subspace Codes in PG(2n — 1, Q)

The set | J=Z £; is a (2n, M, 4; n), constant—dimension
subspace code, where

M—g? s S H S (1)) [(]qq(’zf)(qn(/—n _1).
r=2 2

r = j

each element in L is disjoint from S,
each element in L5 is disjoint from S’ and meets Sin a line
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Subspace Codes in PG(2n — 1, Q)

The set | J=Z £; is a (2n, M, 4; n), constant—dimension
subspace code, where

M—g? s S H S (1)) [(]qq(’zf)(qn(/—n _1).
r=2 2

r = j

each element in L is disjoint from S,
each element in L5 is disjoint from S’ and meets Sin a line

L1 U Lo| =q"% + (" — 1) (P +1)(¢° +g+1)
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The triality quadric Q*(7, q)

Q non—degenerate hyperbolic quadric of PG(7, q),
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The triality quadric Q*(7, q)

Q non—degenerate hyperbolic quadric of PG(7, q),

Q: XiXs + XoXg + Xa X7+ X4 Xg =0
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The triality quadric Q*(7, q)

Q non—degenerate hyperbolic quadric of PG(7, q),

Q: XiXs + XoXg + Xa X7+ X4 Xg =0

19l = (q+1)(P+1)(g°+1)

Francesco Pavese Subspace codes in PG(2n — 1, q)



The triality quadric 97(7, q)

Q non—degenerate hyperbolic quadric of PG(7, q),

Q: XiXs + XoXg + Xa X7+ X4 Xg =0

19l = (q+1)(P+1)(g°+1)

generators of Q are solids (3—dim. pr. spaces),

2(g+1)(g° + 1)(q° +1).
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The triality quadric 97(7, q)

Q non—degenerate hyperbolic quadric of PG(7, q),

Q: XiXs + XoXg + Xa X7+ X4 Xg =0

19l = (q+1)(P+1)(g°+1)

generators of Q are solids (3—dim. pr. spaces),

2(g+1)(g° + 1)(q° +1).

two systems of generators — My, Mo
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The triality quadric 97(7, q)

Q non—degenerate hyperbolic quadric of PG(7, q),

Q: XiXs + XoXg + Xa X7+ X4 Xg =0

19l = (q+1)(P+1)(g°+1)

generators of Q are solids (3—dim. pr. spaces),

2(g+1)(g° + 1)(q° +1).

two systems of generators — My, Mo

Ac M A e M,
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The triality quadric 97(7, q)

Q non—degenerate hyperbolic quadric of PG(7, q),

Q: XiXs + XoXg + Xa X7+ X4 Xg =0

19l = (q+1)(P+1)(g°+1)

generators of Q are solids (3—dim. pr. spaces),

2(g+1)(g° + 1)(q° +1).

two systems of generators — My, Mo

Ac M A e M,
AN A hasevendim. ifandonlyif i £/, i,j € {1,2}.
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Subspace Codes in PG(7, q)

S, S’ are generators of Q, S, S’ € M; ]
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Subspace Codes in PG(7, q)

S, S’ are generators of Q, S, S’ € M; ]

If A€ A, then L(A),L'(A) are generators of Q,
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Subspace Codes in PG(7, q)

S, S’ are generators of Q, S, S’ € M; ]

If A€ A, then L(A),L'(A) are generators of Q,

each generator of Q disjoint from S is of the form L(A),
Ac A
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Subspace Codes in PG(7, q)

S, S’ are generators of Q, S, S’ € M; |

If A€ A, then L(A),L'(A) are generators of Q,

each generator of Q disjoint from S is of the form L(A),
Ac A

D(X), I(X) — set of generators in M disjoint from or
meeting X, resp.
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Subspace Codes in PG(7, q)

S, S’ are generators of Q, S, S’ € M; |

If A€ A, then L(A),L'(A) are generators of Q,

each generator of Q disjoint from S is of the form L(A),
Ac A

D(X), I(X) — set of generators in M disjoint from or
meeting X, resp.
My = D(S)U (D(S') N I(S)) L (I(S) N I(S))
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Subspace Codes in PG(7, q)

S, S’ are generators of Q, S, S’ € M; |

If A€ A, then L(A),L'(A) are generators of Q,

each generator of Q disjoint from S is of the form L(A),
Ac A

D(X), I(X) — set of generators in M disjoint from or
meeting X, resp.

M; = D(8) U (D(8) N I(8)) U (I(S) N (S"))

ID(S)| = ¢°,
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Subspace Codes in PG(7, q)

S, S’ are generators of Q, S, S’ € M; |

If A€ A, then L(A),L'(A) are generators of Q,

each generator of Q disjoint from S is of the form L(A),
Ac A

D(X), I(X) — set of generators in M disjoint from or
meeting X, resp.

M; = D(8) U (D(8) N I(8)) U (I(S) N (S"))

ID(S)NI(S)|=¢°+ ¢~ ¢,
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Subspace Codes in PG(7, q)

S, S’ are generators of Q, S, S’ € M; )

If A€ A, then L(A),L'(A) are generators of Q,

each generator of Q disjoint from S is of the form L(A),
Ac A

D(X), I(X) — set of generators in M disjoint from or
meeting X, resp.

M; = D(8) U (D(8) N I(8)) U (I(S) N (S"))

1D(S)| =
1D(S') N ( )I*q +q° — ¢,
[1(S)N ()| = (a® +1)(a® + g + 1).
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Subspace Codes in PG(7, q)

D(S) € £y, D(S')NI(S) € L2 ’
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Subspace Codes in PG(7, q)

D(S) € L1, D(S)NI(S) € Lo
I(S) N I(S) is disjoint from £4 U L. ’
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Subspace Codes in PG(7, q)

D(S) € L1, D(S)NI(S) € Lo
I(S) N I(S) is disjoint from £4 U L. ’

If g € I(S)NI(S'), then g meets both S, S’ in a line, |
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Subspace Codes in PG(7, q)

D(S) C L1, D(S)NI(S) C L,
I(S) N I(S) is disjoint from £4 U L. ’

If g € I(S)NI(S'), then g meets both S, S’ in a line, |

if g € L4, then g is disjoint from S, \

Francesco Pavese Subspace codes in PG(2n — 1, q)



Subspace Codes in PG(7, q)

D(S) C L1, D(S)NI(S) C L,
I(S) N I(S) is disjoint from £4 U L. ’

If g € I(S)NI(S'), then g meets both S, S’ in a line, |

if g € L4, then g is disjoint from S,
if g € Lo, then g is disjoint from S'. \
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Subspace Codes in PG(7, q)

D(S) € L1, D(S)NI(S) € Lo
I(S) N I(S) is disjoint from £4 U L. ’

If g € I(S)NI(S'), then g meets both S, S’ in a line, |

if g € L4, then g is disjoint from S,
if g € Lo, then g is disjoint from S'. ’

L4 ULy U(I(S)NI(S)) )
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Subspace Codes in PG(7, q)

D(S) € L1, D(S)NI(S) € Lo
I(S) N I(S) is disjoint from £4 U L. ’

If g € I(S)NI(S'), then g meets both S, S’ in a line, |

if g € L4, then g is disjoint from S,
if g € Lo, then g is disjoint from S'. ’

L4 ULy U(I(S)NI(S)) )

solids of PG(7, q) mutually intersecting in at most a line. |
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Subspace Codes in PG(7, q)

There exists a pencil F of g + 1 hyperbolic quadrics Q; of
PG(7,9),1<i<qg+1,91 =0 J
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Subspace Codes in PG(7, q)

There exists a pencil F of g + 1 hyperbolic quadrics Q; of
PG(7,9),1<i<qg+1,91 =2

S, S’ are generators of Q;, M’, ;(S) N I(S)
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Subspace Codes in PG(7, q)

There exists a pencil F of g + 1 hyperbolic quadrics Q; of
PG(7,9),1<i<qg+1,91 =2

S, S are generators of Q;, MY, Ii(S) N Ii(S)
=N (H(S) N (S)), I9] = ¢? + 1
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Subspace Codes in PG(7, q)

There exists a pencil F of g + 1 hyperbolic quadrics Q; of
PG(7,9),1<i<qg+1,91 =2

S, S are generators of Q;, MY, Ii(S) N Ii(S)

=N (H(S) N 1(S)). I6] = ¢ + 1
base locus of F are the points covered by elements of G.
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Subspace Codes in PG(7, q)

There exists a pencil F of g + 1 hyperbolic quadrics Q; of
PG(7,9),1<i<q+1,91=2Q

S, S are generators of Q;, MY, Ii(S) N Ii(S)

=N (H(S) N 1(S)). I6] = ¢ + 1
base locus of F are the points covered by elements of G.

£10£2U (UET (1(S) n ()
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Subspace Codes in PG(7, q)

There exists a pencil F of g + 1 hyperbolic quadrics Q; of
PG(7,9),1<i<q+1,91=2Q

S, S are generators of 9Q;, M’1', 1i(S) N li(S)

=N (H(S) N 1(S)). I6] = ¢ + 1
base locus of F are the points covered by elements of G.

£10£2U (UET (1(S) n ()

g2+ (g* - 1)@ +1)(P+g+1)+(g+1)(®+q)(° +
1)+ (g7 +1)
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Subspace Codes in PG(7, q)

There exists a pencil F of g + 1 hyperbolic quadrics Q; of
PG(7,9),1<i<q+1,91=2Q

S, S are generators of Q;, M!, 1;(S) N Ii(S)

=N (H(S) N 1(S)). I6] = ¢ + 1
base locus of F are the points covered by elements of G.

£10£2U (UET (1(S) n ()

g2+ (@ —1)(G@+1)(GP+g+1)+(q+1)(G%+q)(g°+
1)+ (g7 +1)

solids of PG(7, g) mutually intersecting in at most a line.
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Subspace Codes in PG(7, q)

Ds={AUS | AcG},Dg = {AUS | Ac G}
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Subspace Codes in PG(7, q)

Ds={AUS | AeG},Dg ={AUS | A€ G}
are Desarguesian line—spreads of S, S, respectively
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Subspace Codes in PG(7, q)

Ds={AUS | AeG},Dg ={AUS | A€ G}
are Desarguesian line—spreads of S, S, respectively
Vvl € Dg, I e Dg s.t. <£, €,> eg
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Subspace Codes in PG(7, q)

Ds={AUS | AeG},Dg ={AUS | A€ G}
are Desarguesian line—spreads of S, S, respectively
Vvl € Dg, I e Dg s.t. <£, €,> eg

D={{(,r) | £€Dg,recDg\{l}}
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Subspace Codes in PG(7, q)

Ds={AUS | AeG},Dg ={AUS | A€ G}
are Desarguesian line—spreads of S, S, respectively
Vvl € Dg, I e Dg s.t. <£, €,> eg

D:{<£7r> | EGDS,I’EDS/\{[}}
G°(g® + 1) solids meeting Q; ina Q% (3, q)
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Subspace Codes in PG(7, q)

Ds={AUS | AeG},Dg ={AUS | A€ G}
are Desarguesian line—spreads of S, S, respectively
Vvl € Dg, I e Dg s.t. <£, €/> eg

D:{<£7r> | EGDS,rEDSI\{[}}
G%(g? + 1) solids meeting Q; in a Q*(3, q)

L1U Lo U (U;Ij“ (1(S) N /,-(3/))) uD
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Subspace Codes in PG(7, q)

Ds={AUS | AeG},Dg ={AUS | A€ G}
are Desarguesian line—spreads of S, S, respectively
Vvl € Dg, I e Dg s.t. <£, €/> eg

D:{<£7r> | geDSarEDS’\{gl}}
G%(g? + 1) solids meeting Q; in a Q*(3, q)

L1U Lo U (U;Ij“ (1(S) N /,-(3/))) uD

g2+ (@ —1)(@+1)(G+qg+1)+(q+1)(G%+q)(g*+
1) +(9° +1)?
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Subspace Codes in PG(7, q)

Ds={AUS | AeG},Dg ={AUS | A€ G}
are Desarguesian line—spreads of S, S, respectively
Vvl € Dg, I e Dg s.t. <£, €/> eg

D:{<£7r> | geDSarEDS’\{gl}}
G%(g? + 1) solids meeting Q; in a Q*(3, q)

L1U Lo U (U;Ij“ (1(S) N /,-(3/))) uD

g%+ (q* = 1)(¢® + 1)(a® + g+ 1) + (g +1)(¢° + q)(a® +
1)+ (g +1)?
solids of PG(7, q) mutually intersecting in at most a line.
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Subspace Codes in PG(7, q)

rline of S, 3!r'line of ' s.t. (r,r') € M ]
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Subspace Codes in PG(7, q)

rline of S, 3!r'line of ' s.t. (r,r') € M ]

if r ¢ Dg,thenr’ ¢ Dg
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Subspace Codes in PG(7, q)

rline of S, 3!r'line of ' s.t. (r,r') € M ]

if r ¢ Dg,thenr’ ¢ Dg
h,...,lq41 € Dg incident with r,
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Subspace Codes in PG(7, q)

rline of S, 3!r'line of ' s.t. (r,r') € M ]

if r ¢ Dg,thenr’ ¢ Dg
h,...,lq41 € Dg incident with r,
D, Desarguesian line—spread of S,
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Subspace Codes in PG(7, q)

rline of S, 3!r'line of ' s.t. (r,r') € M ]

if r ¢ Dg,thenr’ ¢ Dg
h,...,lq41 € Dg incident with r,
D, Desarguesian line—spread of S,
DrNDg={h,...,lg+1}
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Subspace Codes in PG(7, q)

rline of S, 3!r'line of ' s.t. (r,r') € M )

if r ¢ Dg,thenr’ ¢ Dg
h,...,lq41 € Dg incident with r,
D, Desarguesian line—spread of S,
DrNDg={h,...,lg+1}

X solids of type (r',t), t € D\ {h,..., lg+1}
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Subspace Codes in PG(7, q)

rline of S, 3!r'line of ' s.t. (r,r') € M )

if r ¢ Dg,thenr’ ¢ Dg
h,...,lq41 € Dg incident with r,
D, Desarguesian line—spread of S,
DrNDg={h,...,lg+1}

X solids of type (r',t), t € D\ {h,..., lg+1}
X = (a® - a)(@® +1)(® +q) =q° — ¢
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Subspace Codes in PG(7, q)

vtz (U S0 S)) upuau(sy |
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Subspace Codes in PG(7, q)

£ LU (UM ((S) N i(S)) uDU X U (S} |

g%+ q*(g> +1)%(P+ g+ 1)+ 1 ’
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Subspace Codes in PG(7, q)

£ LU (UM ((S) N i(S)) uDU X U (S} |

92+ %@ +1)%(¢® + g+ 1) + 1
solids of PG(7, g) mutually intersecting in at most a line.
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Subspace Codes in PG(7, q)

£ LU (UM ((S) N i(S)) uDU X U (S} |

92+ %@ +1)%(¢® + g+ 1) + 1
solids of PG(7, g) mutually intersecting in at most a line.

Aq(8,4:4) > 9%+ ¢*(¢* + 1)2(¢° + 9+ 1) +1 |
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Subspace Codes in PG(7, q)

£ LU (UM ((S) N i(S)) uDU X U (S} |

92+ %@ +1)%(¢® + g+ 1) + 1
solids of PG(7, g) mutually intersecting in at most a line.

Aq(8,4:4) > 9%+ ¢*(¢* + 1)2(¢° + 9+ 1) +1 |

T. Etzion, N. Silberstein, Codes and Designs Related to
Lifted MRD Codes, IEEE Trans. Inform. Theory 59 (2013),
no. 2, 1004-1017.
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Subspace Codes in PG(7, q)

£ LU (UM ((S) N i(S)) uDU X U (S} |

92+ %@ +1)%(¢® + g+ 1) + 1
solids of PG(7, g) mutually intersecting in at most a line.

Aq(8,4:4) > 9%+ ¢*(¢* + 1)2(¢° + 9+ 1) +1 |

T. Etzion, N. Silberstein, Codes and Designs Related to
Lifted MRD Codes, IEEE Trans. Inform. Theory 59 (2013),
no. 2, 1004-1017.

maximum size of an (8, M, 4;4), CDC containing a lifted
MRD code.
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