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Rank metric codes

@ Let FJ*" be the set of m x n matrices over F.
@ Assume m < nw.l.o.g.
@ The rank distance on F7*" is the metric

d(A,B) = rank(A— B)

forall A, B € Fg™".

@ A rank metric code is a nonempty subset C C Fg™" with
this distance.

@ The minimum distance of a code C is

d(C) = min{d(A,B) : A,B e C and A # B}.
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Rank metric codes

@ If a rank metric code C C Fg™*" is linear, then
d(C) = min{rank(A) : A< C and A # 0}.

In some studies, rank(A) is called the rank weight of A
and is denoted by wi(A).

@ The equivalence of two rank metric codes C,C’ C Fg™*":
C~C o(C =XCY

for some X € GL(Fq, m) and Y € GL(FFq, n).
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Rank metric codes
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Remark
Equivalence notion in the literature?:
@ Casem#n:C~(C & C' = XCY for some
X € GL(Fg,m)and Y € GL(Fg, n),
@ Casem=n:C~C' < C =XCY or XClY for some
X,Y € GL(Fg, n)
due to the related result of Morrison?, where C! denotes the set
of transpose elements.

4J. Cruz, M. Kiermaier, A. Wassermann and W. Willems, Algebraic
structures of MRD codes, preprint.

bK. Morrison, Equivalence of rank-metric and matrix codes and
automorphism groups of Gabidulin codes, ArXiv:1304.0501v1, 2013.
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MRD codes

@ Singleton-like bound:

‘C’ < C]n(mfd(c’)JH)_

This bound is the g-analogue of Singleton bound.

@ [f this bound is met, then the code is called maximum
rank distance (MRD) code. MRD codes are the
g-analogue of MDS codes.

@ There is an important class of linear MRD codes,
Gabidulin codes’, which is the g-analogue of RS codes.

'E. M. Gabidulin, The theory with maximal rank metric distance, Probl.
Inform. Transm., 21, pp. 1-12, 1985.
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Gabidulin codes

Theorem & Definition of Gabidulin Codes?

2E. M. Gabidulin, The theory with maximal rank metric distance, Probl.
Inform. Transm., 21, pp. 1-12, 1985.

Let
@ 0<k<m,

@ aq,...,am € Fgn be Fq-linearly independent elements,
@ 0:Fgn — g be the coordinate transformation

C151 + Cof2 + ... + Cnfn — (€1, Co, ..., Cn)

with respect to a fixed Fq-basis {31, 81, ..., Bn} Of Fgn,
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Gabidulin codes

Theorem & Definition of Gabidulin Codes (Continued)

@ Ly be the set of linearized polynomials over F4» of degree
less than g*, i.e.

Lx=A{aoT+ ... + ak_1 qu71 1 dg, ..., k—1 € Fqn}.
Then the set

0(f(a1))
C=/{ :fEEk}QFgIX”
0(f(om))

is an Fg-linear rank metric code with d(C) = m— k + 1 and
IC| = g, i.e. alinear MRD code.
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Gabidulin codes

Proposition

Let C C Iﬁ‘g”” be a Gabidulin code with the notations in the
previous theorem.

@ Multiplying C with an invertible matrix from the left
corresponds to alter F4-linearly independent elements
Ay, ...,am € Fgn to of, ..., o, € Fgn such that both are
bases of the same subspace.

@ Multiplying C with an invertible matrix from the right
corresponds to alter the Fq4-basis 34, ..., 8n of Fgn.
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Gabidulin codes

Corollary

All Gabidulin codes C Fg*" having the same minimum distance
are in one equivalence class, and a code in this class is a
Gabidulin code.
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Motivation and the related work

Question
How can we produce non-Gabidulin MRD codes?

Cruz et al® have investigated this question and obtained very
nice results especially for the full rank case (i.e. for
n=m=d(C)):
@ They have proved that there is a bijective correspondence
between linear MRD codes and finite quasifields.

@ They have linear (e.g. corresponds to semifields) and
nonlinear (e.g. corresponds to nearfields) examples.

2J. Cruz, M. Kiermaier, A. Wassermann and W. Willems, Algebraic
structures of MRD codes, preprint.
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Motivation and the related work

Motivation and the related work

@ They have also some computational results for the case
g=3,n=m=3,d(C) = 2. They say that there are two
class of linear MRD codes, one of them is Gabidulin. For
the other one they have a basis

10 0 010 00 1
ooo|,looo],[0o00],
110 00 2 2 0 2

0 0O 0 0O 0 0O
1 00])],{01TO0]|,l]O0O0T1].
1 2 1 2 2 1 12 2

They have asked for a way to produce such codes. This
was our the main motivation.
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Linearized polynomials and rank metric codes

In our approach, one of the main ideas we use:

Fact

There is a one to one correspondence between a matrix of
dimension m x n over Fq and a linearized polynomial map
V — Fgn (up to a fixed Fq-basis of Fgn) where V is an
m-dimensional Fq-subspace of Fgn .

13/32 K. Otal and F. Ozbudak Some Non-Gabidulin MRD Codes



Linearized polynomials and rank metric codes
Linearized combination

Oureppioach Construction of MRD codes via linearized combinations

Linearized polynomials and rank metric codes

Example
The set o
C = span]Fqn{T, T9,..,T9 '} CFgp[T],

or equivalently

C =spang,{ BT, BT, ..., 5nT,
B‘I Tqv /82 Tq7 ceey 5” Tqa

BTI T BT . B, TT '}

is a Gabidulin code with d(C) = m — k + 1, where {f4, ..., Bn} is
an Fg-basis of Fgn.
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Linearized polynomials and rank metric codes

This example indicates an important property of Gabidulin
codes: Gabidulin codes are not only Fq-linear but also
[Fgn-linear. Therefore, if we want to construct a non-Gabidulin
MRD code, then it makes sense to search for ones which are
Fq-linear but not Fgn-linear.
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Linearized combination

This example says something more: Consider the Gabidulin
codes in the previous example as

{XoT+x1 T94.. . +Xk_1 VAR LY AT,y i D X0 ooy Xk—1 € Fgn}.

Here the coefficients can be considered as independent
variables. In that way, take the set

n—1

i
E L,‘(Xo,...,Xk_1)Tq X0y ey Xk—1 EIFqn
i=0

where each L, is a multivariable linearized polynomial for all
0 < i< n—1. We will call this procedure as Fg-linearized
combination of T9's.
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Multivariable linearized polynomials

Remark that multivariable linearized polynomials have no mixed
terms 3. That is, they are of the form

L(Xq,..oy k) = Ly(X1) + ... + Li(Xk)

where L; is a linearized polynomial in one variable for all
i=1,..,k.

Example
All linear maps (F;2)? — F . are of the form

L(x,y) = apx + a1x9 + boy + b1y9 € F2[x, y]

where dp, a1, bo, by € qu.

3J. Berson, Linearized polynomial maps over finite fields, Journal of
Algebra 399, pp. 389 — 406, 2014.
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Construction of MRD codes via linearized combinations

Proposition
Consider the linearized polynomial

n—1

Crroo(T) = D Li(X1, e Xk) TT € Fgn[T]
i=0

where L; is a multivariable linearized polynomial in Fgn[X1, ..., Xk]
which maps (Fgn)% — Fgn forall i =0,1,...,n— 1. Let
@ & : (Fgn)k — Fen[T] given by (X1, ..., Xk) = Cx,... x (T) be
one to one, and

@ dimyg,(kernel(Cy, .. x(T))) < k—1forall xy,..., X € Fgn
which are not all zero.
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Construction of MRD codes via linearized combinations

Linearized polynomials and rank metric codes
Linearized combination
Construction of MRD codes via linearized combinations

Proposition (Continued)
Then the set

{CX17"~7Xk(T) . X1,,Xk E ]Fqn} g Fqn[T]

corresponds to a linear MRD code C C Fg*" with |C| = g™ and
d(C) =n—k+1.

19/32 K. Otal and F. Ozbudak Some Non-Gabidulin MRD Codes



Linearized polynomials and rank metric codes
Linearized combination

Oureppioach Construction of MRD codes via linearized combinations

Construction of MRD codes via linearized combinations
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Proposition

Consider two codes with the linearized combinations
C)(J,).__,Xk(T) and C,((12?,__7XK(T) as in the previous theorem. These
codes are equivalent if and only if there exist linearized
permutation polynomial maps A(T), B(T) : Fgn — Fgn such that

;
A(T)o €Y (T)oB(T) = C&_4(T)
with some one to one mapping
(X1 PR Xk) = (U1 [ARAS] Uk)

where o denotes the composition of functions.
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A family of MRD codes for kK = 2

Theorem

Let a, 8 € Fge such that Normgs ;o(ar) # 1 and Normes ;4(3) # 1.
The set

C* = {Cg(T)=xT +yT9+ayT T : x,y € Fs} C Fo[T].

corresponds to a linear MRD code C C F3*® with |C| = ¢® and
d(C) = 2. Moreover,
@ If = 0 then it is Gabidulin.
@ If Normys () # Normgs () then C* and C”
corresponds to non-equivalent codes.
@ If Normgs jq(c) = Normgs 4(/3) then C* and C*
corresponds to equivalent codes.
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A family of MRD codes for kK = 2

Sketch of the Proof
Obviously the set

Co={C(T)=xT +yT9+ay? T% : x,y € F s}
is Fg-linear, and it is Gabidulin when o = 0. Moreover,

¢ FqsxFqs — Fqs[T]
(Xay) = C)?,y(T)

is one to one, i.e. that implies C* has g® elements.

22/32 K. Otal and F. Ozbudak Some Non-Gabidulin MRD Codes



A family of MRD codes for k=2
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Sketch of the Proof (Continued)
Additionally,

ranky,(xT + yT9 + ay® TF) > 2

when x and y are not both zero. To see it, observe that the
Dickson matrix \
X y ayd
aQy x4 yq
2 2 2
yq o9 yq x4

of it can not have rank 1 since Normys 4(a) # 1. Therefore, it is
Fq-linear MRD.

v
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A family of MRD codes for kK = 2

Sketch of the Proof (Continued)

When Normgs (a) = Normgs ;4(53), let . = 4" and 3 = *° for
some integers r and s and a primitive element y € Fs.
Normygs ;q() = Normgs () implies

7(f—8)(<72+q+1) —1

and thus g — 1|r — s, i.e. r = s+ (q — 1)t for some integer t.
Therefore, ,
A(T) =~5'T9 and B(T) = T

can be used to show the equivalence in case , ,
Normgz ;q(c) = Normgz (). Here, (u, v) = (v 'x9 ,7°~Ty7).

24/32 K. Otal and F. Ozbudak Some Non-Gabidulin MRD Codes



A family of MRD codes for k=2

A family of MRD codes for kK = 2
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Sketch of the Proof (Continued)

When Normgs q(a) # Normgs ;4(3), assume there exist
linearized permutation polynomials A(T) =

aT+aiT9+aT?, B(T)=boT + b TI+ boTT € F[T]
such that

A(T)o (XT +yT9+ay? T9) o B(T) = (uT + vT9 + gv¥ TF)

for some one to one correspondence (x, y) < (u, v). Then, use
the property

B(the coefficient of T9)% = (the coefficient of T9)
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A family of MRD codes for kK = 2

Sketch of the Proof (Continued)

and thus obtain the equation system

(1) Blagh] + p9a%aiby = adaiby + ajby,
(2) B9a b" + B9a% apbd = a9 aTbd + aqbq
(3) BIazby + Blaaphd = aalb¥ + alby,
(4) B9aghy = ajhby,

(5) BYasb] = ajbj,

6) BIaby = alb?.
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A family of MRD codes for kK = 2

Sketch of the Proof (Continued)
When we examine this system in each one of the cases
@ Casel:gy=0and a; =0,
@ Case 2: ag#0and a; =0,
@ Case 3: ag=0and a; #0,
@ Cased:ag#0and a; #0
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Sketch of the Proof (Continued)
we will obtain that
@ A(T) =0 (i.e. it is not permutation)
@ or B(T) =0 (i.e. it is not permutation)
@ or Normys q(ax) =1
@ or Normys () = 1
@ or Normys sq(ar) = Normgs 14(55)
i.e. some contradiction at the end of each case.
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Sketch of the Proof (Continued)

For example, in Case 4 (i.e. for ag # 0 and a; # 0) we have
@ If by = 0: By (4) we have a, = 0 or by = 0.
o If by = 0 then b, = 0 by (5), thatis B(T) = 0.
o If by # 0 then a, = 0 by (4) and then b, # 0 by (5). It
implies Normgs q(c) = Normgs ,4(3) by (1).
@ If by # 0: (4) implies a> # 0 and by # 0. Also, (6) implies
bs # 0. Then, using (4,5,6) and some arithmetic
manipulations we obtain Normgs ,,(8) = 1.

Therefore, they are not equivalent when

Normgs ;q(a) # Normes 4(8)-
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A family of MRD codes for kK = 2

Corollary

When n = m = 3, there exist at least g — 1 distinct (i.e. mutually
nonequivalent) linear MRD codes with the minimum distance 2
for all prime power q.

Example

@ If g = 2 then we can produce only Gabidulin ones. Actually
there is no non-Gabidulin linear MRD ones (easily provable
computationally).

30/32 K. Otal and F. Ozbudak Some Non-Gabidulin MRD Codes




A family of MRD codes for k=2
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Example (Continued)

@ If g = 3 there is at least one non-Gabidulin MRD code
C C F3*3 with d(C) = 2. And a sample of it corresponds to

2 2
{XT +yT9+2y9TT . x,y € Fge} C Fea[T]

where g = 3. In that way, we have also given a solution to
our motivative problem?. Remark that they computationally
proved there is not another non-Gabidulin linear MRD
class.

4J. Cruz, M. Kiermaier, A. Wassermann and W. Willems, Algebraic
structures of MRD codes, preprint.
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Finally...

Thank you very much.

Any questions?
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