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1. Modules over �nite 
hain rings

De�nition. A ring (asso
iative, 1 6= 0, ring homomorphisms preserving 1) is
alled a left (right) 
hain ring if the latti
e of its left (right) ideals forms a
hain.

R > rad R > (rad R)2 > . . . > (rad R)m−1 > (rad R)m = (0).

• m � the length of R;

• Fq � the residue �eld of R, q = ps;
• pr � the 
hara
teristi
 of R.� ALCOMA 2015, Kloster Banz, 15.-20.03.2015 � 1



Theorem. Let R be a �nite 
hain ring of nilpoten
y index m. For any �nitemodule RM there exists a uniquely determined partition

λ = (λ1, . . . , λk) ⊢ logq|M |,

0 ≤ λi ≤ m, su
h that
RM ∼= R/(rad R)λ1 ⊕ . . . ⊕ R/(rad R)λk.

The partition λ is 
alled the shape of RM .The number k is 
alled the rank of RM .
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2. Proje
tive Hjelmslev Geometries

• M = RRn; M∗ := M \ θM ; θ ∈ rad R \ (rad R)2

• P = {Rx | x ∈ M∗};
• L = {Rx + Ry | x, y linearly independent};
• I ⊆ P × L � in
iden
e relation;
• ⌢⌣ i - neighbour relation:

X ⌢⌣ iY i� X = Y + θiRn,for i = 1, . . . ,m.
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De�nition. The in
iden
e stru
ture Π = (P,L, I) with neighbour relations

⌢⌣ i is 
alled the (left) proje
tive Hjelmslev geometry over the 
hainring R.De�nition. A set of points H in the proje
tive Hjelmslev spa
e Π is 
alled aHjelmlsev subspa
e if for any two points x, y ∈ H there is at least one linein
ident with both of them whi
h is entirely 
ontained in H .De�nition. A set of points H in the proje
tive Hjelmlsev spa
e Π is 
alled asubspa
e if it is the interse
tion of Hjelmlsev subspa
es.Hjelmslev subspa
es −→ free submodules of RRnsubspa
es −→ submodules of RRn with at least one free submodulesubspa
e of type λ −→ submodule of type λ
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PHG(Z3
9)
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• S0 � a Hjelmslev subspa
e with dimS0 = k − 1 in PHG(RRn);

• P = {S ∩ [X ](m−i) | X ⌢⌣ iS0,S ∈ [S0]
(i)};

• L � the set of all lines in
ident with at least one �point� from [S0];

• I ⊆ P × L.
Theorem. The in
iden
e stru
ture (P, L, I) 
an be imbedded isomorphi
allyinto PHG(R/ radm−i R(R/ radm−i R)n). The missing part 
ontains the pointsof an (n − k − 1)-dimensional Hjelmslev spa
e over R/ radm−i R.In parti
ular, for i = m − 1, (P, L, I) 
an be imbedded isomorphi
ally into

PG(n − 1, q).
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A Neighbour 
lass of lines in PHG(Z3
8)
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Theorem. Let RM be a module of shape λ = (λ1, . . . , λn). For every sequen
e

µ = (µ1, . . . , µn), µ1 ≥ . . . ≥ µn ≥ 0, satisfying µ ≤ λ the module RM hasexa
tly
[
λ

µ

]

qm

=
m∏

i=1

qµ′

i+1(λ
′

i−µ′

i) ·

[
λ′

i − µ′

i+1

µ′

i − µ′

i+1

]

qsubmodules of shape µ. In parti
ular, the number of free rank s submodules of

RM equals

qs(λ′

1−s)+...+s(λ′

m−1−s) ·

[
λ′

m

s

]

q

.Here [
n

k

]

q

=
(qn − 1) . . . (qn−k+1 − 1)

(qk − 1) . . . (q − 1)
.are the Gaussian 
oe�
ients.
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3. Spreads

De�nition. A k-spread of the proje
tive Hjelmslev geometry PHG(RRn+1)is a set S of k-dimensional Hjelmslev subspa
es su
h that every point is 
ontainedin exa
tly one subspa
e of S.

Theorem. Let R be a 
hain ring with |R| = qm, R/ rad R ∼= Fq. There existsa spread S of k-dimensional Hjelmslev subspa
es of PHG(RRn+1) if and only if

k + 1 divides n + 1.
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Let κ = (κ1, . . . , κn) with m = κ1 ≥ κ2 ≥ . . . ≥ κn ≥ 0.De�nition. A κ-spread of the proje
tive Hjelmslev geometry PHG(Rn
R) is aset S of subspa
es of type κ su
h that every point is 
ontained in exa
tly onesubspa
e of S.Theorem. Let there exist a κ-spread in PHG(RRn), where R/ rad R ∼= Fq,

|R| = qm, λ = (λ1, . . . , λn) with
λ1 ≥ λ2 ≥ . . . ≥ λn = a.

Then there exists a µ-spread with µ = (µ1, . . . , µn), µi = λi − a, in thegeometry PHG(SSn), where S ∼= R/ radm−a R.
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Let κ = (κ1, . . . , κn), where m = κ1 ≥ κ2 ≥ . . . ≥ κn = 0.Theorem. Let R be a �nite 
hain ring and let Π = PHG(RRn). If there existsa κ-spread in Π then [
κ
1

]

qm divides [
n
1

]

qm.

Note: this ne
essary 
ondition is not always su�
ient.
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Take a 
hain ring R with length 2 and residue �eld Fq.Take κ = (2, . . . , 2
︸ ︷︷ ︸

n/2

, 1, . . . , 1
︸ ︷︷ ︸

n/2−1

, 0).

The number of points in a subspa
e of shape κ is qn−2q
n
2−1
q−1 and divides thenumber of points in PHG(RRn) whi
h is qn−1qn

−1
q−1 .Theorem. Let R be a 
hain ring of nilpoten
y index 2. Let Π = PHG(RRn).There exists no κ-spread of Π for κ = (2, . . . , 2

︸ ︷︷ ︸

n/2

, 1, . . . , 1
︸ ︷︷ ︸

n/2−1

, 0).

Corollary. There exists no κ-spread of PHG(RR4) with κ = (2, 2, 1, 0).
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• Π = PHG(RR4), |R| = q2, R/ rad R ∼= Fq

• S � a subspa
e of shape (2, 2, 1, 0)

• U � an Hjelmslev subspa
e of shape (2, 2, 2, 0)

• Observation: if [x] ∩ S ⊆ [x] ∩ U for some point x ∈ P then S ⊆ [U ].

� ALCOMA 2015, Kloster Banz, 15.-20.03.2015 � 13



x x′

z

y

[x]

U

S
L
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More generally:Theorem. Let R be a 
hain ring of length m. Let Π = PHG(RRn). Thereexists no κ-spread of Π for κ = (m, . . . , m
︸ ︷︷ ︸

n/2

,m − 1, . . . , m − 1
︸ ︷︷ ︸

n/2−1

, 0).

Theorem. Let R be a �nite 
hain ring of length 2 and let Π = PHG(RRn) bethe 
orresponding (left) proje
tive Hjelmslev spa
e. There exists no κ-spread of

Π = PHG(RRn) with κ = (2, . . . , 2
︸ ︷︷ ︸

n/2

, 1, . . . , 1
︸ ︷︷ ︸

n/2−a

, 0, . . . , 0
︸ ︷︷ ︸

a

), where 1 ≤ a ≤ n
2−1.
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For 
hain rings of length 2 and dimension of the free part equal to n/2, we have:Shape Existen
e

(2, . . . , 2
︸ ︷︷ ︸

n/2

, 0, . . . , 0
︸ ︷︷ ︸

n/2

) YES

(2, . . . , 2
︸ ︷︷ ︸

n/2

, 1, 0, . . . , 0
︸ ︷︷ ︸
n/2−1

) NO

(2, . . . , 2
︸ ︷︷ ︸

n/2

, 1, 1 0, . . . , 0
︸ ︷︷ ︸

n/2−2

) NO. . . . . .
(2, . . . , 2
︸ ︷︷ ︸

n/2

, 1, . . . , 1
︸ ︷︷ ︸

n/2−1

, 0) NO
(2, . . . , 2
︸ ︷︷ ︸

n/2

, 1, . . . , 1
︸ ︷︷ ︸

n/2

) YES
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4. Further non-existen
e results

Does there exist a κ-spread for τ = (3, 3, 1, 0), in PHG(RR4), where R is a
hain ring with |R| = q3,R/ rad R ∼= Fq?
# of points in a subspa
e of shape (3, 3, 1, 0)= q3(q + 1)

# of subspa
es in the spread =
q6(q3 + q2 + q + 1)

q3(q + 1)
= q5 + q3.
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[π]: 1-neighbour 
lass of planes.There exist three possibilities for the interse
tion of a subspa
e S of shape

(3, 3, 1, 0) with [π]:(1) S is 
ontained in [π] and 
ontained in a plane from [π];(2) S is 
ontained in [π] but is not 
ontained in a plane from [π];(3) S is not 
ontained in [π].
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[π]

q3q3(q + 1)

q3(q + 1)

type (3)type (1)
type (2)
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A = # of subspa
es from the spread of type (1) or (2)

B = # of subspa
es from the spread of type (3)

∣
∣
∣
∣

A + B = q5 + q3

q3(q + 1)A + q3B = q6(q3 + q2 + q + 1)

A = q3, B = q5 for every neighbour 
lass of planes [π]

� ALCOMA 2015, Kloster Banz, 15.-20.03.2015 � 21



Observation: There are at least q3 − q + 1 subspa
es of type (1) and at most

q − 1 subspa
es of type (2) in any 
lass [π].� ALCOMA 2015, Kloster Banz, 15.-20.03.2015 � 22



Count the number of pairs (S, [π]), where

⋄ S is a subspa
e from the spread of type (2).

⋄ [π] is a 1-neighbour 
lass of planes 
ontaining πFor ea
h S there exist q 
hoi
es for π. Therefore

#(S, [π]) = q5 + q3.

On the other hand, for ea
h 
lass [π] there exist at most q − 1 
hoi
es for S.Hen
e

#(S, [π]) ≤ (q3 + q2 + q + 1)(q − 1) = q4 − 1,a 
ontradi
tion.
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More generally:Theorem. Let R be a 
hain ring of length m ≥ 3. Let Π = PHG(RRn).There exists no κ-spread of Π for κ = (m, . . . ,m
︸ ︷︷ ︸

n/2

,m − 2, . . . ,m − 2
︸ ︷︷ ︸

n/2−1

, 0).

Open problem:Find a �ni
e� ne
essary and su�
ient 
ondition on κ for the existen
e κ-spread in

PHG(RRn).
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