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code Properties

» Each sent symbol is either correctly received or considered as erased.
» Each codeword symbol is lost with a fixed independent probability.
» An [n, k, d]-code can recover up to d — 1 erasures.
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Let Fq be the Galois field with g elements.

Definition
A linear product code C over F, is formed from two other linear codes C~

and C' with parameters [n~, k~,d~] and [n', k', d'] over Fgq, respectively. The
product code C will have parameters [n~n', k~ k', d~d'] over Fy.
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Definition

S A linear product code C over F, is formed from two other linear codes C~
and C' with parameters [n~, k~,d~] and [n', k', d'] over Fgq, respectively. The
product code C will have parameters [n~n', k~ k', d~d'] over Fy.

Over the erasure channel, the product code corrects upto d~d' — 1
erasures.

S. D. Cardell, J. J. Climent, A. Lépez Martin SPC product codes under the BEC



Product code

SPC
duct q q a
= The codewords of length n~n' can be seen as arrays with size n~ x n'in a

under the

BEC way that the columns are codewords of C' and the rows are codewords
S.D. of C™.

Cardell, J.
J. Climent,
A. Lopez -
Martin <k—>

SPC product
code

k' || Information bits

C~ parity checks

C' parity checks

n

Figure: Codeword of a product code, with systematic encoding
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SPC product
code

Definition
A single parity-check code is a linear binary code with parameters
[n,n—1,2].

» The single parity-check (SPC) code is a very popular error detection
code, since it is very easy to implement.

» This codes can correct one single erasure over the erasure channel.
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» We consider the product code C =C~ ® C'.

SPC procict » The parameters of the product code are [n?, (n — 1)2, 4].

code

» The code C corrects only 3 erasures.

In some special cases this code can correct more than 3 erasures.
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Definition
SEC|product An erasure pattern of size m x m, with t erasures, where 0 < t < m? and

code

1 < m < n, is an array of size m x m where t of the entries correspond to
the position of the erasures.
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' ETg e . . . .
i where the position of the erasures is the unique information we
consider.

T » Given a received word with t erasures, the decoder will perform iterative
row-wise and column-wise decoding to recover the erased bits.

» When a single bit is erased in a row or column, it can be recovered.
If more than one bit is erased in a row (column), it is skipped.
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' ETg e . . . .
i where the position of the erasures is the unique information we
consider.

T » Given a received word with t erasures, the decoder will perform iterative
row-wise and column-wise decoding to recover the erased bits.

» When a single bit is erased in a row or column, it can be recovered.
» If more than one bit is erased in a row (column), it is skipped.
Decoding is performed until no further recovery is possible.
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Consider the SPC code C with parameters [6, 5, 2].
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Consider the SPC code C with parameters [6, 5, 2].

We can construct the binary product code C = C ® C with parameters
[36, 25, 4].
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X X | X

X X X

- B
(a) Correctable erasure pattern of (b) Uncorrectable erasure pattern

size 4 x 4 with 7 erasures of size 4 x 4 with 7 erasures
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Figure: Uncorrectable erasure pattern of size 4 x 4 with 7 erasures
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» Erasure patterns of size n x n with 3 erasures or less are always
correctable.

SPC product
code

» Erasure patterns of size n x n with t erasures, 4 <t <2n— 1 may or
may not be correctable.
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A Consider the SPC code C with parameters [6, 5, 2].
J. Climent,

A. Lpez We can construct the binary product code C = C ® C with parameters
B [36,25,4].
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Purpose

ore product We would like to count the number of uncorrectable erasure patterns of size
ez n x nwith t erasures, 4 <t <2n—1.

In this work, we count the number of strict uncorrectable erasure patterns.
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e We denote by P: the set of possible partitions of the integer ¢.
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Partition of an integer

Definition

If t is a positive integer, then a partition of ¢ is a non-increasing sequence of
positive integers (A1, A2, As, . .., Ap) such that Zfﬂ i =t

We denote by P: the set of possible partitions of the integer ¢.

For example, the set of partitions of 6 is given by

Ps ={(6),(5,1),(4,2),(4,1,1),(3,3),(3,2,1),(3,1,1,1),(2,2,2),
(2,2,1,1),(2,1,1,1,1),(1,1,1,1,1,1)}.
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Kotska
Numbers

Conjugate partition

Definition

Let us consider a partition A = (A1, A2, . .., Ap) of t. The conjugate of A is

defined as the vector \* = (A7, A3, ...,

Ap) Where

N=l{il1<i<pX>j}.
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Kotska
Numbers

Conjugate partition

Definition
Let us consider a partition A = (A1, A2, . .., Ap) of t. The conjugate of A is
defined as the vector A" = (A7, A3, ..., A;) where

No=Hil1<i<pX>j}.

Notice that both, A and \*, are partitions of the same integer t.
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Conjugate partition

SPC
product
codes
under the
BEC

S. D.
Cardell, J
J. Climent,
A. Lopez

Martin

A= (3,1)and \* = (2,1, 1) are conjugate partitions of t = 4.

Kotska
Numbers
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Young diagram and Young tableaux

Shs Let A = (M, Az, ..., Ap) and p = (1, 2, - - ., j1q) b€ two partitions of the same

product

codes A
under the integer t.
BEC

S.D.
el Definition

J. Climent,

gl A Young diagram of shape ) is an arrangement of ¢ boxes in p rows where
there are \; boxes in row i, with i = 1,2,..., p, and these boxes are left

justified.

Kotska
Numbers
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Young diagram and Young tableaux

SPC
product Let A = ()\1 , )\27 .
d .
u::eretsm integer t.
BEC

,Ap) @nd p = (u1, o, - - ., 4g) be two partitions of the same

S.D.
Cardell, J.
J. Climent,
A. Lopez

Martin A Young tableau of shape A and content . is obtained from a Young
diagram of shape X by inserting in each box one of the integers 1,2,...,qin

such a way that the following conditions hold:

Definition

i) the elements in each row are non-decreasing,
ii) the elements in each column are strictly increasing,
iii) the integer j occurs p; times, with j=1,2,...,q.

Kotska
Numbers
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Young diagram and Young tableaux

S Let A = (A1, Ag, . ... , lig) be two partitions of the same

codes A
under the integer t.
BEC

, Ap) and g = (1, 2, - - -

S.D.
Cardell, J.
J. Climent,
A. Lopez

Martin A Young tableau of shape A and content . is obtained from a Young
diagram of shape X by inserting in each box one of the integers 1,2,...,qin

such a way that the following conditions hold:

Definition

i) the elements in each row are non-decreasing,
ii) the elements in each column are strictly increasing,
iii) the integer j occurs p; times, with j=1,2,...,q.

Kotska
Numbers
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Young diagram and Young tableaux

SPC
product
codes

under the This is not the only option; there are 5 more Young tableaux with these

BEC .
properties.
S. D.
Cardell, J
J. Climent,
A. Lopez
Martin

Kotska
Numbers
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SPC
product . .
codes Definition
under the

BEC If A= (A, A2, .., \p) @nd p = (u1, po, - - - , f1q) are two partitions of the same
el integer ¢, then the Kostka number denoted by . ., is the number of Young

Cardell, J.
PNl tableaux of shape A and content .
Martin

Kotska
Numbers

S. D. Cardell, J. J. Climent, A. Lépez Martin SPC product codes under the BEC



Kotska numbers

SPC
product —
codes Definition

under the

BEC If A= (A, A2, .., \p) @nd p = (u1, po, - - - , f1q) are two partitions of the same
Cardell, . integer t, then the Kostka number denoted by «,, ., is the number of Young

tableaux of shape A and content .

Martin

Example

Kotska We want to compute K(3,2,1),(3,2,1)-

Numbers
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Kotska numbers

SPC
product . .
o Definition
IfX= (A, A2, ..., Np) @nd p = (p1, po, - - ., f1q) are two partitions of the same
. integer ¢, then the Kostka number denoted by . ., is the number of Young
A Lopez tableaux of shape A\ and content .

Martin

Example

Kotska We want to compute ~3,2,1),(3,2,1)-
e We have to count the number of Young tableaux of shape A = (3,2, 1) and
content = (3,2, 1).
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Kotska numbers

SPC
product . .
o Definition
IfX= (A, A2, ..., Np) @nd p = (p1, po, - - ., f1q) are two partitions of the same
. integer ¢, then the Kostka number denoted by . ., is the number of Young
A Lopez tableaux of shape A\ and content .

Martin

Example

Kotska We want to compute ~3,2,1),(3,2,1)-
e We have to count the number of Young tableaux of shape A = (3,2, 1) and
content = (3,2, 1).

Thus, £@,2,1),@,2,1) = 1.
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Counting binary matrices

SPC
product
codes
under the
BEC

S. D.
Cardell, J
J. Climent,
A. Lopez

Martin

Let A be a binary matrix of size my x mo.

» Let R=(r,r2,...,m,) be the vector where r; is the sum of the elements
in row / of matrix A.

Numbers » Let C=(ci, o, ..., Cm,) be the vector where ¢; is the sum of the
elements in row j of matrix A.

Notethatri +ro+---+rm, = C1 + C2 + - - - + Cm, @nd call this number ¢.
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Counting binary matrices

SPC
product
codes
under the
BEC

S. D.
S [§ R. A. Brualdi, Algorithms for constructing (0,1)-matrices with prescribed
Adlopez row and column sum vectors, Discrete Mathematics 306 (23) (2006)

Martin
3054-3062.

Kotska
Numbers
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Martin

Kotska
Numbers

Counting binary matrices

@ R. A. Brualdi, Algorithms for constructing (0,1)-matrices with prescribed
row and column sum vectors, Discrete Mathematics 306 (23) (2006)
3054-3062.

The number of binary matrices with R and C as the row sum and the
column sum, respectively, is given by

E RX,R KX~ C-

AEP
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e Counting patterns

Counting
patterns
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Counting patterns

SPC
product
codes
under the
BEC

S. D.
Cardell, J
J. Climent,
A. Lopez

Martin

Purpose
We would like to count the number of uncorrectable erasure patterns of size

n x nwith t erasures, 4 <t <2n—1.

Counting
patterns
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Uncorrectable patterns with four erasures

SPC

product .

o] Assume we have a codeword of size n x n and that 4 erasures have
under the

BEC occurred.

S. D.
Cardell, J.
J. Climent,
A. Lopez

Martin

Counting
patterns
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Uncorrectable patterns with four erasures

SPC

product .

o] Assume we have a codeword of size n x n and that 4 erasures have
under the

BEC occurred.

e The only uncorrectable erasure pattern of 4 erasures is formed by a square:

J. Climent,
A. Lopez
Martin

Counting
patterns
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Uncorrectable patterns with four erasures

SPC
product

codes Assume we have a codeword of size n x n and that 4 erasures have

under the

BEC occurred.

e The only uncorrectable erasure pattern of 4 erasures is formed by a square:

J. Climent,
A. Lopez

I S S
X X e
Counting B X N X _F

patterns — —— —

The total number of uncorrectable erasure patterns with 4 erasures is (;’)2
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Uncorrectable patterns with five erasures

SPC
product Assume we have a codeword of size n x n and that 5 erasures have

codes

nder the
under ! occurred.

S. D.
Cardell, J
J. Climent,
A. Lopez

Martin

Counting
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Uncorrectable patterns with five erasures

SPC
product Assume we have a codeword of size n x n and that 5 erasures have

codes

under the occurred.
S.D. The only uncorrectable erasure pattern of 5 erasures is formed by a square

Cardell, J. .
bl (uncorrectable pattern of size 2 x 2) and one extra erasure:

A. Lopez
Martin

Counting
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Uncorrectable patterns with five erasures

SPC
product Assume we have a codeword of size n x n and that 5 erasures have

codes

nder the
under ! occurred.

= The only uncorrectable erasure pattern of 5 erasures is formed by a square
ardell, J.

J. Climent, (uncorrectable pattern of size 2 x 2) and one extra erasure:
A. Lopez
Martin

X

Counting
patterns
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Uncorrectable patterns with five erasures

SPC
product Assume we have a codeword of size n x n and that 5 erasures have

codes

nder the
under ! occurred.

= The only uncorrectable erasure pattern of 5 erasures is formed by a square
ardell, J.

J. Climent, (uncorrectable pattern of size 2 x 2) and one extra erasure:
A. Lopez
Martin

X

Counting
patterns

The total number of uncorrectable erasure patterns with 5 erasures is J

(B)°("7*).
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SPC
product
codes
under the
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S. D.
Cardell, J.
J. Climent,
A. Lopez

Martin

The total number of uncorrectable erasure patterns with 6 erasures is

()°("5) —4() (5) +6()"

Counting
patterns
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Erasure patterns/ binary matrices

SPC
product
codes
under the

BEC Let us represent an erasure pattern of size n x n by a binary matrix of size

o n x nwhere there is 1 in the erasure positions and 0 otherwise.
J. Climent,
A. Lopez

Martin

Counting
patterns
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Erasure patterns/ binary matrices

SPC
product
codes
under the

BEC Let us represent an erasure pattern of size n x n by a binary matrix of size

o n x nwhere there is 1 in the erasure positions and 0 otherwise.

J. Climent,
A. Lopez
Martin

- 2 a0
cooo
coco =
coco -~

Counting
patterns

In this work, our purpose is to count the number of strict uncorrectable

erasure patterns of size n x n with t erasures. Equivalently, we want to find
all matrices of size n x n with t ones (and 2 or more ones in each non-zero
row and non-zero column).
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S.D.
Cardell, J.

J. Climent,

A. Lopez
Martin

Counting
patterns

Uncorrectable strict erasure patterns

» The partitions that we will consider will have all length n.
» If a partition has length r < n, it will be filled in with n — r zeros.

» For example, (6, 1) is a partition of 7 with length 2, but if we are
considering partitions of length 4, we write (6, 1,0, 0).
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Notation

SPC
product
codes
under the

BEC Definition
S.D.
ieamsl  Given two positive integers n and t, the set P/ is a subset of the set of

J. Climent,

peLopes partitions of t of length n defined as

Martin

,P[n={)\€73t|>\i_T/17)\I'Sn7i=172>"'7n}'

Counting
patterns
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Notation

SPC
product
codes

under the ..
BEC Definition
S.D.

sl Given two positive integers n and t, the set P/ is a subset of the set of

oltopez partitions of t of length n defined as

Martin

P[n={)\€73t|)\I'_T/17)\I'Sn7i=172>"'7n}'

| \

Example

Counting Consider t =6 and n= 3.

patterns

Ps = {(6),(5,1),(4,2),(4,1,1),(3,3),(3,2,1),(3,1,1,1),(2,2,2),
(2,2,1,1),(2,1,1,1,1),(1,1,1,1,1, 1)}
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Notation

SPC
product
codes

under the ..
BEC Definition
S.D.

sl Given two positive integers n and t, the set P/ is a subset of the set of

oltopez partitions of t of length n defined as

Martin

P[n={)\€73t|)\I'_T/17)\I'Sn7i=172>"'7n}'

| \

Example

Counting Consider t =6 and n= 3.

patterns

Ps = {(6),(5.1),(4,2),(4,1,1),(3,8),(3,2,1), B=4T], (2,2,2),

S. D. Cardell, J. J. Climent, A. Lépez Martin SPC product codes under the BEC



Notation

SPC
product
codes

under the ..
BEC Definition
S.D.

sl Given two positive integers n and t, the set P/ is a subset of the set of

oltopez partitions of t of length n defined as

Martin

P[n={)\€73t|)\I'_T/17)\I'Sn7i=172>"'7n}'

| \

Example

Counting Consider t =6 and n= 3.

patterns

Ps = {(6,0,0),(5,1,0),(4,2,0),(4,1,1),(3,3,0), (3,2, 1), (3=T],
(2,2,2), (272-T], 2=1), (T4t}
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Notation

SPC
product
codes

under the ..
BEC Definition
S.D.

sl Given two positive integers n and t, the set P/ is a subset of the set of

oltopez partitions of t of length n defined as

Martin

P[n={)\€73t|)\I'_T/17)\I'Sn7i=172>"'7n}'

| \

Example

Counting Consider t =6 and n= 3.

patterns

Pe = {(67 0, 0)7M (4a 2, 0)7M (3, 3, 0)7MM
(2,2,2), (2721, 2], (TR}
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Notation

SPC
product
codes

under the ..
BEC Definition
S.D.

sl Given two positive integers n and t, the set P/ is a subset of the set of

oltopez partitions of t of length n defined as

Martin

P[n={)\€73t|)\I'_T/17)\I'Sn7i=172>"'7n}'

| \

Example

Counting Consider t =6 and n= 3.

patterns

Ps = {{6-6-0], (5], 145201, 1417, (3, 3, 0), 137241, (B-+1),
(2,2,2), (Zr2T], 2], (T
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Notation

SPC
product
codes

under the ..
BEC Definition
S.D.

sl Given two positive integers n and t, the set P/ is a subset of the set of

oltopez partitions of t of length n defined as

Martin

P[n={)\€73t|)\I'_T/17)\I'Sn7i=172>"'7n}'

| N

Example

oot Consider t =6 and n = 3.
Ps = {(B76:-01 (511, (220, (411, (3, 3, 0), (3724, (31,

(2,2,2), (272-1], 2t1), (T4t}
e ={(2.2,2),(3,3,0)}
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Lemma

S.D.
Cardell, J.

e For a partition X = (M, X2, ..., An) Of a positive integer t and length n, the

A. Lopez

ERII number of possible combinations of the elements in \ is given by

n!

o= ———,
mna!- - mp!

wheren; = |{j | \j=i}|, fori=1,2,...,n.
Counting
patterns
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Notation

SPC
product
codes
under the
BEC |_
b emma
Cardell, J.
Jcl ey For a partition \ = (A1, X2, ..., An) Of a positive integer t and length n, the

number of possible combinations of the elements in X is given by

n!
AT 0
mna!- - mp!
wheren; = |{j | \j=i}|, fori=1,2,...,n.

Counting
patterns

Example

A=(3,1,1,0) e P¢
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Main result

SPC
product
codes
under the
BEC

S.D.
Cardell, J.
J. Climent,
A. Lopez

Martin

The number of strict uncorrectable erasure patterns of size n x n with t
erasures is given by

Counting E 5"750 § KX,R Kx*,C-

patterns R, CG’P," AEP
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Cardell, J. EXample

J. Cli s .
A Lopor Consider n=3 and t = 4.

Martin

Ps={4),(3,1),(2,2),(2,1,1),(1,1,1,1)}

Counting
patterns
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J. Cli s .
A Loper Consider n=3 and t = 4.

Martin

Ps={4),(3,1),(2,2),(2,1,1),(1,1,1,1)}

Pi={22,0} — C=R=(22,0)

Counting
patterns
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. s

g Consider n=3 and t = 4.

Ps={4),(3,1),(2,2),(2,1,1),(1,1,1,1)}

Pi={22,0} — C=R=(22,0)

Counting
patterns

E 0RdC g KR Kax,c =9 g KR Kax,C

R,CeP3 AEPy AEPy
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Martin

Rx* C|RX\R " RKxx C

0

Counting
patterns
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Martin Consider n=3 and t = 4.

Z 0Rdc Z KxR Kx<,c =9 Z KxR Kxx,c =9

R,CeP3 AEPy AEPy
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Martin with t erasures when t = 4,5,6,7, 8.

» Using Kotska numbers and Young tableaux, we can compute the
number of strict uncorrectable erasure patterns of size n x n.

4

» An erasure pattern of size n x n can be represented by a bipartite
graph with 2n vertices (n in each vertex class).

» For9 <t < 2n- 1, the number of uncorrectable patterns can be
computed taking partitions of 2n and considering connected
components of the corresponding graph in each case.
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